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Introdution
After the development of laser soures, atomi gases have been used as an
optial medium to study non-linear proesses. Via the presene of atoms an
intense laser beam an inuene its own properties or those of other beams
[1℄. The gaseous samples allow to treat diretly the disrete and well-known
energeti struture of atoms to arry out ab initio alulations starting
from the interation between light and a single atom. These preditions
an be experimentally tested with high preision by means of spetrosopi
tehniques.
Later on, light has been demonstrated as a very powerful tool not only to
study atoms but also to manipulate them. During the last thirty years,
in the eld of Atomi Moleular Optial (AMO) Physis the development
of laser ooling and trapping of neutral atoms [2℄ has lead to an impres-
sive series of ahievements related to the investigation of the outstanding
properties of ultraold matter. Among these, the experimental realization
of Bose Einstein Condensation (BEC) is the most famous [3℄.
The ombination of these reiproal interations indues bak-ation ef-
fets that result in surprising phenomena. For instane, the kik given by
the probe light to the interrogated atoms in the preision spetrosopy
experiment of [4℄ was able to shift the position of the resonane uores-
ene line of a signiant amount. Furthermore, in the rst experiments
with optial latties [5, 6℄, the hange in the lattie onstant due to the
eetive index of refration of the atomi sample itself was deteted via
Bragg spetrosopy [7℄.
More reently, the mutual eets arising from atom-laser interation in an
ultraold sample were shown in a most lean way by the avity optome-
hanis experiment [8℄. In this setup a BEC is put inside an optial avity
and then a laser beam is shined whih is far o-resonant with respet any
eletroni transitions of atoms while it is resonant with a avity mode.
The exitation of the avity mode indues an eetive lattie potential for
the ondensate whih is then modulated in density. The refrative index
v
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due to the presene of the atomi medium is then aordingly spatially
modulated resulting in a shift of the avity frequeny. This interplay has
a sharp signature in the osillating transmission spetrum of the avity.
The use of ultraold matter as an eÆient tool to manipulate light is the
key idea of the present work. We start from an optial point of view: we
have investigated the features of ultraold atomi gases as an extremely
dispersive and tunable medium for light propagation. Inspired by the de-
velopment in solid-state systems of strutures designed to have a spei
optial response suh as Photoni Crystals [9℄ or metamaterials [10℄, we
have joined the sharp features of old samples with the intriguing eets
deriving from spatially modulated geometries and oherent dressing of
atomi states. The fous is the proof of priniple of tehniques whih may
be important in view of optial information proessing. Cold matter al-
lows to get rid of spurious eets present in solid-state devies and then to
address the underlying physis in these phenomena. Cold gases take also
advantage from the suppression of Doppler broadening with respet hot
atomi vapor.
Before the ahievement of BEC, some attention was paid to the study
of oherent sattering of photons by the atoms in the ondensate phase
to determine the refrative index of the sample [11{13℄. The use of light
whih is resonant with some atomi transition enhanes dramatially the
atom-photon oupling: the strong oupling regime is reahed when the
matrix element for the interation is bigger then the linewidth of the
atomi transition. While in semiondutors this oupling leads to mixed
radiation-matter exitations alled polaritons, in gaseous atomi media
resonant light is usually strongly absorbed preventing the observation of
the Rabi splitting.
The ahievement of Mott Insulator (MI) phase for a BEC loaded into a
deep optial lattie [14℄ has opened an interesting perspetive in order to
observe polariton physis in ultraold samples: the strong loalization of
atoms at the lattie sites is in fat responsible for a quenhing of absorp-
tion [15℄. In a modern perspetive, the atomi MI an be seen as a sort of
extremely resonant photoni rystal. A key point disussed in literature is
the existene of a omplete photoni band gap in suh strutures [16{18℄.
The interplay of onventional polariton (Rabi) splitting and the diration
due to the lattie arrangement is at basis of dierent regimes for the opti-
al response [19℄. Although the radiation-matter oupling is muh weaker
than in solid-state dieletri strutures, the high regularity of MI strongly
dereases the dephasing mehanisms.
The response of this systems around the resonane frequeny is domi-
nated by both strong reetivity and absorption proesses whih result in
light being forbidden from propagating through the medium. By exploiting
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dark resonanes in dressed atomi gases it is possible to overome this lim-
itation. The existene of non absorbing resonanes in three-level atomi
systems pumped by two laser beams was rst disovered during spe-
trosopi experiments in sodium vapors [20℄. Thanks to the interferene
between dierent exitation proesses, atoms are driven into a oherent
superposition of states that is eventually deoupled from radiation: this
is the essene of the Coherent Population Trapping [21℄. Furthermore, the
oherent ontrol of the optial response of a medium by means of a strong
laser eld allows for the optial swithing of the propagation of a seond
weak probe beam, leading to the so alled Eletromagnetially Indued
Transpareny (EIT) [22{24℄. Among the dierent realizations, ultraold
samples oer a unique environment whih is proteted from deoherene:
this is favourable even in the ase of suh a robust phenomenon as EIT.
The propagation of light through otherwise optially opaque media an be
desribed within a polariton treatment in the three-level system. Beyond
the onventional resonant polaritons typial of two-level atoms, a nar-
row branh appears at resonane: this is the Dark Polariton (DP) whih
onsists of a oherent mixing of radiation and atomi exitations orre-
sponding to a two-photon Raman resonane [25{27℄. The DP is responsible
for EIT and shows interesting properties: it is long-living beause of the
suppression of absorption, it suers no reetion at the boundaries of the
system and, most remarkably, its group veloity an be optially tuned by
means of the ontrol beam down to very small values [28℄. The omplete
turn o of the ontrol beam provides a full mapping of the probe pulse
into atomi (spin-like) exitations. The proess an be reversed resulting
in a light storage and retrieval from atoms [29℄. Both ultraslow light and
light storage were demonstrated in old atomi samples [30,31℄ while more
reently the use of an atomi MI has shown a promising inrease of the
storage time up to some hundreds of milliseonds [32℄.
The inrease of the interation time due to the small speed of probe pulses
joined with the tunability of the optial response enhanes the possibilities
to perform a dynami modulation of the light signal. Suh modulations are
the goal of Dynami Photoni Strutures (DPS) [33℄. The general onept
of DPS is based on a pulsed experiment where the optial response of a
medium is varied in time while the probe signal is inside the struture.
This onguration allows for an eÆient manipulation at both lassial and
quantum level. The perturbation of the medium an be applied through a
ontrol laser beam (all-optial tehnique) or by means of other mehanisms
(e.g. injetion of arries or magneti eld ramps).
Although the more omplete modern theories implies that both light and
matter are represented by quantum elds, radiation-matter interation
an still be treated within a semi-lassial piture in a lot of situations:
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the eletro-magneti (e.m.) eld is onsidered as a lassial objet and the
energeti struture of matter is quantized. This formalism dates bak to
the birth of quantum mehanis and an be applied to all the proesses
in whih the quantum nature of light is still hidden suh as e.g. the stim-
ulated emission, up to many aspets of laser physis [34℄. In partiular,
at the level of linear optis, i.e. for weak e.m. elds, lassial Maxwell's
theory fully desribes the dynamis of the radiation eld. Within this for-
malism the eet of radiation on the matter appears through the minimal
oupling replaement into the Shrodinger's equation. Vie versa, the pres-
ene of matter generates a polarization term into the Maxwell's equations
whih gives the refrative properties of the material. The self-onsistent
onnetion between the two formalisms is given by a density matrix rep-
resentation of the atomi evolution whih allows to transfer the results of
the Shrodinger's equation into Maxwell's. Dissipative eets due to va-
uum utuations (i.e. spontaneous emission) are inluded within a master
equation treatment.
The propagation of light through an ultraold atomi gas is the main topi
of the present work.
The thesis onsists of two parts.
In Part I (Chapters 1,2,3), we give a omplete desription of the 1D pho-
toni bands of a MI of two-level atoms paying attention to both band
diagrams and reetivity spetra. The role of regular periodiity of the
system is addressed within a polariton formalism. The sattering on de-
fets inside latties of three-level atoms is also studied in view of optial
detetion of impurities in suh strutures. The light is used as a probe of
systems engineered by the use of other laser beams.
Part II (Chapters 4,5) is devoted to the development of a general frame-
work for the time-dependent proessing of a propagating slow DP in a
spatially inhomogeneous system. The oherently tunable atomi gas ats
as a DPS. Appliations of this onept onerning wavelength onversion
and reshaping of the pulse are also disussed.
The theoretial tools used to fae the semi-lassial theory of radiation-
matter interation in the systems under investigation are: Maxwell-Bloh
(MB) formalism [35℄ and Transfer Matrix (TM) tehnique [36℄.
We have restrited to a 1D geometry with transverse polarized probe
beams whih allows to onsider e.m. radiation as a salar eld. We have
solved the photoni band problem by means of TM that give the stationary
response of 1D layered dieletri strutures starting from the suseptibility
of eah single layer. The interest in this tehnique is related to its sim-
pliity, numerial stability and to the fat that it allows to simultaneously
alulate both dispersion law and reetivity spetra.
The study of the time evolution of a pulse injeted and propagating
through an EIT medium is performed by means of MB equations for the
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oupled eletri and atomi polarization elds. The use of a modied ver-
sion of the onventional Slowly Varying Envelope Approximation (SVEA)
makes possible to handle the problem of reetion at interfaes in a unied
treatment without the need for oupled mode theory.
The thesis is organized as follows.
In Chapter 1, we briey review the semi-lassial theory for atom-laser
interation by using Optial Bloh Equations (OBE). The general form
for the evolution of atomi oherenes and the orresponding resonant
ases are reported in order to derive the dispersive suseptibility for both
two-level and three-level atoms. It is also disussed the dierene between
the response of a single atom as ompared to a loud (Clausius-Mossotti
formula).
The photoni bands of an atomi MI are studied in Chapter 2. Two dis-
tint regimes are individuated depending on the relative position of the
resonant and Bragg frequenies with respet to polariton splitting. The
band diagram as well as reetivity spetra are disussed. For the ree-
tion properties, two dierent geometries are addressed: the semi-innite
system and the nite slab. The variation of resonant reetivity from a
single atom to a long lattie is also highlighted.
In Chapter 3, the EIT phenomenon in an atomi gas is introdued and
its main features are disussed in terms of a polariton dispersion. The
reetivity dip orresponding to the slow DP is used to study the sattering
on defets of the atomi system suh as lak of atoms at some sites of a
MI. The defet an be seen as a avity whih supports loalized modes.
Furthermore, by using an atomi defet instead of a vauum region, a peak
appears and it an be moved within the EIT window.
A omplete MB formalism is developed in Chapter 4 aiming to study
the propagation of a pulse through a generi inhomogeneous and time-
dependent struture omposed of alternating layers of vauum and EIT
media. The modied SVEA (mSVEA) is presented and its main features
and limitations are pointed out. The pulse propagation is investigated in
two geometries: a homogeneous layer and an interfae, in both stati and
dynami situations. An eetive equation for the ow of the eletri eld
intensity is derived.
Finally, in Chapter 5 we desribe some relevant physial aspets of DPS.
The hapter is divided in three parts. The rst one deals with the problem
of the eetive oupling between dierent polariton bands, indued by the
time-evolution of the system parameters. In the seond part, we propose
the sheme for a old gas Photon Energy Lifter [37℄ whih performs a
wavelength onversion of a DP pulse. In the last part, it is presented the
general idea of a inhomogeneous struture (EIT hain) devoted to the
reshaping of the eletri eld of a light signal. At the level of linear optis,
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this is equivalent to the manipulation of photon wavefuntion. Both for
the photon lifter and the EIT hain, realisti values extrated from urrent
experiments are used in the simulations.
The aronyms and physial onstants used in the thesis are summarized
in the nal appendix Notation.
Part I
Probing Strutures
1
CHAPTER 1
Resonant atom-light
interation
The interation between atoms and light is mainly determined by the res-
onanes related to the disrete struture of the energeti levels. The sep-
aration in energy between the dierent levels and the use of light soures
with a redued spread in frequeny (i.e. lasers) allow to play seletively
with one or few of these levels. Dilute old gases oer the possibility to
study the optial response of the whole medium with simple tehniques
starting from the atomi behavior.
In Setion 1, we summarize the derivation of the optial response of an
atom to a probe eld via a density matrix approah. The resulting Optial
Bloh Equations (OBE) are presented.
In Setion 2, we alulate the stationary situations at linear order in the
probe eld in order to obtain the suseptibility of an ensemble of two-level
atoms. From the general ase, we speify the atomi suseptibility for a
resonant radiation and we introdue a generalized osillator strength f as
an adimensional parameter desribing the atom-photon oupling.
We apply the same proedure to the ase of a three-level  atomi ong-
uration in Setion 3. In this ase the response of the atomi gas is tailored
by the intensity of a ontrol laser beam.
In Setion 4, we show a brief derivation of the Clausius-Mossotti orretion
for the suseptibility of a dense atomi bulk. It results in an eetive shift
of the atomi resonane frequeny.
3
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1.1 Optial Bloh Equations
We onsider a semi-lassial piture in whih the (light) eletri eld
E(x; t) is a lassial objet while the atomi transitions are represented
through operators (i.e. the density matrix). We speify the density matrix
only to the relevant atomi levels, i.e. the initial state, the levels oupled
through some light eld to the ground state and the levels whih an be
reahed through deay mehanisms. In the weak exitation regime, the
dynamis of the atomi ensemble under the ation of resonant or quasi-
resonant oherent (laser) elds an be desribed using a linearized form of
the OBE [21,35℄. The general form of OBE is:
i~
^
t
= [
^
H; ^℄ + L(^): (1.1)
The rst term in the LHS is the usual Von Neumann ommutator for the
evolution of the density matrix ^ under the ation of a radiation-matter
Hamiltonian
^
H. In order to desribe the real evolution of the atomi sys-
tem, the OBE inlude dissipative terms, L(^). These terms ome from a
master equation treatment and are responsible for the loss of oherene
in the radiation-matter interation as well as spontaneous emission [24℄.
In fat, the relevant quantities for our purposes are the so alled o-
herenes 
ab
, i.e. the o-diagonal elements of the atomi density matrix
^ =
P
a;b

ab
jai hbj, where a and b label the internal atomi states
1
. In
terms of the oherenes 
lg
the atomi polarization reads
P (x; t) =
X
l
n(x; t) d
lg
(
lg
(x; t) + 
gl
(x; t)) : (1.2)
Here, d
gl
is the eletri dipole moment of the transition from the ground
jgi state to a generi exited state jli; n(x; t) is the atomi density of the
medium. The suseptibility is then determined from its denition
P(!) = 
0
(!)E(!); (1.3)
whih is given here in the frequeny domain. In the following we will
onsider two ases: the two-level atom and the three-level  onguration,
shown in Fig. 1.1.
1
From now on, we drop the symbol `^' from the notation wherever it is lear whih
quantities are operators.
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Figure 1.1: Exitation shemes: on the left, 2-level atom; on the right, 3-level
 sheme.
1.2 Resonant Suseptibility for two-level
atom
We onsider the eletri eld of a laser E(t) = E (e
 i!t
+ ::) that interats
with the transition between two levels of an atom: the ground state jgi and
an exited state jei. We suppose that the other levels are far from probe
frequeny ! whih is tuned near the transition frequeny !
eg
= !
e
  !
g
.
The Hamiltonian of the system onsists of an atomi part,
H
A
= ~!
g
jgi hgj+ ~!
e
jei hej ; (1.4)
and a radiation-matter interation part,
H
AR
=  d
eg
E
 
e
 i!t
jei hgj+ h::

: (1.5)
Within the rotating wave approximation [34, 35℄, we are only onsidering
the resonant terms for interation. The rst term in the RHS of equation
(1.1), that orresponds to the usual Von Neumann equation, gives
i~
d
gg
dt
=  d
eg
E
 

eg
e
i!t
  
ge
e
 i!t

; (1.6a)
i~
d
ee
dt
=  d
eg
E
 

ge
e
 i!t
  
eg
e
i!t

; (1.6b)
i~
d
eg
dt
= ~ (!
e
  !
g
) 
eg
+ d
eg
(
ee
  
gg
) Ee
 i!t
; (1.6)
i~
d
ge
dt
=  ~ (!
e
  !
g
) 
eg
  d
eg
(
ee
  
gg
) Ee
i!t
: (1.6d)
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We eliminate the exponential fators by introduing the redued oher-
enes ~
eg
= 
eg
e
i!t
and ~
ge
= 
ge
e
 i!t
, while 
ee
and 
gg
are unhanged:
i~
d
gg
dt
=  d
eg
E (~
eg
  ~
ge
) ; (1.7a)
i~
d
ee
dt
=  d
eg
E (~
ge
  ~
eg
) ; (1.7b)
i~
d~
eg
dt
= ~ (!
eg
  !) ~
eg
+ d
eg
E (
ee
  
gg
) ; (1.7)
i~
d~
ge
dt
=  ~ (!
eg
  !) ~
eg
  d
eg
E (
ee
  
gg
) : (1.7d)
We use the seond term in the RHS of equation (1.1) to introdue the life-
time of the atomi level  whih determines the deay of the exited state
population 
ee
and the lose of oherene during the interation proess.
The OBE then read
d
gg
dt
= i
d
eg
E
~
(~
eg
  ~
ge
) + 
ee
; (1.8a)
d
ee
dt
= i
d
eg
E
~
(~
ge
  ~
eg
)  
ee
; (1.8b)
d~
eg
dt
=  i (!
eg
  !) ~
eg
  i
d
eg
E
~
(
ee
  
gg
) 

2
~
eg
; (1.8)
d
ge
dt
= +i (!
eg
  !) ~
eg
+ i
d
eg
E
~
(
ee
  
gg
) 

2
~
ge
: (1.8d)
From the rst two equations, it is visible the onservation of the trae of
the density matrix, while the latter two equations state that the density
matrix is always hermitian. For this reason, we need only one from the
last two equations. We also note the quantity 
 =  (d
eg
E)=~ whih is
usually alled the Rabi frequeny of the laser eld. If we onsider a gas of
atoms whih are in the ground state at the intial time and we assume the
eletri eld to be weak, at linear order in E we obtain 
gg
= 1 and 
ee
= 0
from (1.8). We are interested in partiular in the stationary solution of the
equation (1.8):
~
eg
=  i
d
eg
E
~
1
i(!   !
eg
)  =2
= (1.9)
=
d
eg
E
~
1
!
eg
  !   i=2
: (1.10)
By using (1.2) and (1.3), we obtain the suseptibility of a gas of two-level
atoms:
(!) =
nd
2
eg

0
~
1
!
eg
  !   i=2
: (1.11)
We remind that this result is valid in the range of frequeny near the
resonane.
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1.2.1 The osillator model
To get the suseptibility far o-resonane it is possible to model the atomi
transition as an harmoni osillator with proper frequeny !
eg
subjet to
a foring term due to the probe eld E and aeted by a dissipative term
based on . To write the equation of motion of suh a system we introdue
the mass m
e
and harge e of the eletron and we assume z as the diretion
of osillation:
m
e
d
2
z
dt
2
= eE  m
e
!
2
eg
z  m
e

dz
dt
: (1.12)
By swithing to the frequeny domain, we obtain
 m
e
!
2
z +m
e
!
2
eg
z   im
e
!z = eE: (1.13)
The polarization of the atomi gas is given in terms of the dipole moment
of the single atom
P = nez = 
0
E; (1.14)
where n is the atomi density. From (1.13) and (1.14), we obtain the
(!) =
ne
2
m
e

0
1
!
2
eg
  !
2
  i!
(1.15)
whih is the so alled Drude-Lorentz formula. The fator
!
2
p
=
ne
2
m
e

0
(1.16)
is the square of the plasma frequeny of the atomi gas. In the limit of
resonant exitation, (! ! !
eg
), the linearized form of (1.15) gives the
expression (1.11) and it is possible a omparison with the measurable
quantities related to a real atom. In general, the plasma frequeny is used
to express the numerator of the suseptibility by dening the adimensional
osillator strength f [38℄:
(!) =
f!
2
p
!
2
eg
  !
2
  i!
: (1.17)
Throughout the present work, we deide to use the slightly dierent for-
mulation
(!) =
f!
2
eg
!
2
eg
  !
2
  i!
; (1.18)
whih keeps the adimensionality of f , but it uses the transition frequeny
instead of !
p
. From the omparison of (1.15) and (1.11), we obtain:
f!
eg
2
=
nd
2
eg

0
~
: (1.19)
In the following we will always refer to the osillator strength as a ruial
parameter to determine the strength of radiation-matter interation.
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1.3 Resonant Suseptibility for three-level
atom
In the ase of the  sheme depited in Fig. 1.1, we also onsider the
level jmi that is oupled to the exited state via a (generally) strong
oherent eld, represented through its Rabi frequeny 


. This eld is
addressed as the ontrol or dressing eld to distinguish from the probe
eld E. The optial transition between the state jmi and the ground state
is forbidden for symmetry rules: the state is then long-living with respet
jei and therefore it is alled metastable. It means that 
m
 
e
, where the
subsripts learly refer to the dierent atomi states. We also assume the
exited state to have the same deay rate 
e
towards both the ground and
metastable states. The Hamiltonian for the three-level  onguration is
given by
H
A
= ~!
g
jgi hgj+ ~!
e
jei hej+ ~!
m
jmi hmj ; (1.20a)
H
AR
=  d
eg
E
 
e
 i!t
jei hgj+ h::

+
+~



2
 
e
 i!

t
jei hmj + h::

: (1.20b)
As the density matrix is hermitian, the general form of the OBE equations
is given by the six equations:
i~
d
gg
dt
=  d
eg
E
 

eg
e
i!t
  ::

+ i
~
e
2

ee
; (1.21a)
i~
d
ee
dt
= d
eg
E
 

eg
e
i!t
  ::

+
~


2
 

me
e
 i!

t
  ::

+
 i~
e

ee
; (1.21b)
i~
d
mm
dt
=  
~


2
 

me
e
 i!

t
  ::

+ i
~
e
2

ee
; (1.21)
i~
d
eg
dt
= ~!
eg

eg
+ d
eg
Ee
 i!t
(
ee
  
gg
) +
~


2

mg
e
 i!

t
+
 i
~
e
2

eg
; (1.21d)
i~
d
mg
dt
= ~!
mg

mg
+
~


2

eg
e
i!

t
  d
eg
Ee
 i!t

me
+
 i
~
m
2

mg
; (1.21e)
i~
d
me
dt
= ~!
me

me
+
~


2
e
i!

t
(
ee
  
mm
)  d
eg
Ee
i!t

mg
+
 i
~
e
2

me
: (1.21f)
At the linear order in the amplitude of the eletri eld E only the ground
state is populated: 
gg
= 1 while 
ee
= 
mm
= 0. Furthermore the oher-
ene 
me
is a term of seond order in the amplitude of the probe eld as
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an be seen from (1.21f) and (1.21e). By exploiting these observations, we
are left with the equations (1.21d) and (1.21e) in order to determine the
linear suseptibility:
i~
d
eg
dt
= ~!
eg

eg
  d
eg
Ee
 i!t
+
~


2

mg
e
 i!

t
  i
~
e
2

eg
;(1.22a)
i~
d
mg
dt
= ~!
mg

mg
+
~


2

eg
e
i!

t
  i
~
m
2

mg
: (1.22b)
To eliminate the exponential phases we dene new oherene variables:
~
eg
= 
eg
e
i!t
and ~
mg
= 
mg
e
i(! !

)t
. The equations then beome
d~
eg
dt
=  


e
2
+ iÆ
e

~
eg
+ i
d
eg
E
~
  i



2
~
mg
; (1.23a)
d~
mg
dt
=  


m
2
+ iÆ
R

~
mg
  i



2
~
eg
: (1.23b)
Here we have dened the one-photon detuning from the exited state
Æ
e
= !
eg
  ! and the detuning Æ
R
= !
mg
+ !

  ! from the two-photon
Raman transition that onnets the ground to the metastable state. The
stationary solution of the redued system (1.23) reads
~
mg
=  ~
eg
i


=2

m
=2 + iÆ
R
; (1.24a)
~
eg
=
d
eg
E
~

Æ
e
  i
e
=2 


2

4
1
Æ
R
  i
m
=2

 1
: (1.24b)
As in the previous ase, it is straightforward to obtain the linear susep-
tibility
(!) =
f!
eg
2

Æ
e
  i
e
=2 


2

4
1
Æ
R
  i
m
=2

 1
; (1.25)
where we have introdued the osillator strength (1.19).
1.3.1 Coupled Osillators model
We alulate the o-resonane suseptibility by using a oupled harmoni
osillators model. For simpliity we onsider the Raman resonane on-
dition, whih onsists of using the same frequeny for both the harmoni
osillators. We start from the single osillator model (1.12) and we add
a seond harmoni osillator through the oupling onstant given by the
ontrol Rabi frequeny 


. The Newton's equation for this system are
m
e
d
2
z
dt
2
=  m
e
!
2
eg
z + eE  m
e
!
eg



y  m
e

dz
dt
(1.26)
m
e
d
2
y
dt
2
=  m
e
!
2
eg
y  m
e
!
eg



z  m
e

m
dy
dt
; (1.27)
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where the frition term for the seond osillator is proportional to the de-
phasing rate. By onsidering an osillatory foring eld E(t) at frequeny
!, we solve the model. From the seond equation we obtain
y( !
2
+ !
2
eg
  i
m
!) = !
eg



z: (1.28)
By substituting this result into (1.26), we express the osillating dipole in
terms of the foring eletri eld
d = ez =
e
2
m
e

!
2
eg
  !
2
  i!  


2

!
2
eg
!
2
eg
  !
2
  i
m
!

 1
E: (1.29)
The dieletri suseptibility is then
(!) =
ne
2
m
e

0

!
2
eg
  !
2
  i!  


2

!
2
eg
!
2
eg
  !
2
  i
m
!

 1
; (1.30)
whih gives, in the resonant limit ! ! !
eg
and by introduing the osillator
strength, the expression (1.25).
1.4 Clausius - Mossotti Suseptibility
In the previous setions, we have alulated the dieletri response of the
atomi medium starting from the single atom behavior given by the Bloh
equations and then by multiplying the atomi density n. This proedure
automatially identies two dierent quantities: the suseptibility  we
have mentioned up to now, and the polarizability . The rst quantity
is dened in relation to marosopi elds, namely the polarization of a
region ontaining a huge number of atoms and the mean eletri eld,
while the latter gives the polarization of a single atom in terms of the
loal eletri eld ating on it. Stritly speaking the OBE give the atomi
polarizability and in the alulations we have assumed that
 = n: (1.31)
This relation is a sort of rst order approximation whih holds for dilute
systems. To obtain the orret relation between the two quantities, we
need to onsider the dierene between the mean eletri eld E and the
loal one E
lo
. The loal eletri eld ating on the single atom we are
onsidering is given by the mean eld ontribution E, minus the average
polarization indued by the region (marosopially small, but with a large
number of atoms) surrounding it E
P
, plus the detailed eet of the same
atoms E
det
:
E
lo
= E   E
P
+ E
det
: (1.32)
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It is demonstrated that the global eet of a set of dipoles arranged in a
ubi lattie on one of them vanishes: E
det
= 0 [39℄. On the other hand, the
average eet of a homogeneous polarization P inside a spherial avity
round the atom gives [39℄
E
lo
= E +
4
3
P: (1.33)
Then the suseptibility results
 =
n
1 
4
3
n
: (1.34)
This formula is know as the Clausius-Mossotti or Lorentz-Lorenz orre-
tion
2
. If we substitute (1.11) to  in (1.34) we get
 =
f!
eg
2

!
eg
  !   i

2
 
4
3
f!
eg
2

 1
: (1.35)
The typial value of f in the ultraold atomi gases is of the order of
10
 10
to 10
 8
: this shift in the position of the resonane frequeny, whih
is in the MHz to GHz range, is to be onsidered in the experiments. In
the following we always refer to the (shifted) resonane frequeny for the
onsidered atomi gas as !
eg
. As we have seen above, the alulation of
this shift depends on the partiular geometry under investigation and its
derivation on spei ases is beyond the aim of this work.
2
A detailed derivation of this eet in the ase of a lattie of atoms an be found
in [18, 40℄.
CHAPTER 2
Optial response of a Mott
Insulator of two-level
atoms
After the ahievement of Bose Einstein Condensation (BEC) [3℄ in alkali
atoms, one of the most important trends emerged in the eld of laser
trapping are Optial Latties [5,6℄: the trapping eet of light intensity is in
this ase modulated via the interferene of ountepropagating laser beams.
Atoms are trapped in the nodes or anti-nodes of the stationary wave via
a dynamial Stark eet [41℄. In this way it is possible to modulate in
a periodi way the atomi density. Optial latties an be ombined with
other trapping tehniques (e.g. dipole traps) to shape the periodiity along
one, two or three dimensions.
During the same years, strong eorts were put in the theoretial modeling
and experimental realization of the so alled Photoni Crystals [9, 42℄.
The well known onept of interferene of light dirated from a periodi
arrangement of atoms, whih is at the basis of the X-ray optis [43℄ and
all the related studies on the rystalline strutures [44℄, was then renewed
by notiing the similarities between the roles of the dieletri onstant in
the Maxwell's equations and the potential in the Shrodinger's equation.
The Floquet-Bloh theorem [45℄ for the e.m. eld in periodi dieletri
strutures states that the dispersion law for light ontains propagation
bands and forbidden gaps [46℄ in lose analogy with the ase of eletrons
in rystalline strutures. The salability of Maxwell's equations then allows
to built up strutures whih works in dierent frequeny domains, from
mirowave to visible light.
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Optial latties allow an engineering of periodi atomi strutures; a spa-
tial modulation of the optial response of the atomi medium in the range
of optial wavelengths means that these strutures an be used as pho-
toni rystals [47, 48℄. Furthermore, the observation of strong resonant
light-matter oupling, whih is forbidden by absorption proesses in ho-
mogeneous gases, an be studied in Mott Insulator (MI) systems where
absorption is suppressed beause of loalization of atoms [15, 40℄. The
simultaneous ourrene of narrow optial resonanes and the periodi
arrangement of atoms oers the possibility to study the mixing of these
eets in the building up of photoni bands and in the relative reetivity
spetra. The atomi MI is then a remarkable example of resonant photoni
rystal.
Setion 1 ontains a brief summary about the MI phase of an ultraold
atomi sample trapped in an optial lattie: this is the struture that we
investigate in the following.
In Setion 2, we introdue the Transfer Matrix (TM) tehnique for the
study of the optial response of a layered dieletri struture. We model
the MI of two-level atoms as a 1D hain of atomi sheet with resonant
suseptibility.
In Setion 3, we disuss the band diagram of the system. Two distint
regimes are disriminated depending on whether the atomi resonant fre-
queny and the Bragg frequeny are lose or far away in terms of the
resonant light-atoms oupling.
Setion 4 is devoted to the study of the reetivity spetra in both the
regimes previously determined. Two dierent geometries are disussed:
a semi-innite system and a nite slab, where the multiple reetions
of a polariton inside the struture give rise to Fabry-Perot fringes in the
spetrum. We also disuss the rossover between the Lorentzian reetivity
of a single atom and the formation of forbidden gaps for long latties.
2.1 The Mott Insulator phase
The modulation of the atomi density in an optial lattie generally de-
pends on the intensity of the trapping eld. In partiular this value xes
the tunneling rate J between neighboring sites: the ratio between J and
the loal atomi repulsive interation U , whih depends on the atomi
speies, estimates the mobility of an atom throughout the optial lattie
in the Bose-Hubbard model [49℄. Below a ritial value of this ratio, for
ommensurate llings, a quantum phase transition between a superuid
and a MI state takes plae. The MI is haraterized by a xed number of
atoms in eah site without oherene between the wavefuntion of atoms
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sitting at the dierent sites as it was experimentally observed [14, 50, 51℄.
The strong loalization of atoms at lattie sites an be estimated by om-
paring the osillator length of a single site:
a
ho
=
r
~
2m!
tr
; (2.1)
where m is the atomi mass and !
tr
is the trapping frequeny, with the
trapping wavelength. If we express the trapping frequeny in terms of the
reoil energy
E
r
=
~
2
k
2
L
2m
=
h
2

2
L
1
2m
; (2.2)
we obtain
a
ho
=
s
~
2mN(E
r
=~)
=

L
2
p
N
: (2.3)
Here 
L
is the wavelength of the trapping laser. While in the rst real-
izations of MI, N was of the order of 20 [14℄, it is nowadays possible to
reah muh deeper latties with N = 130 [52℄. For this reason it is a good
approximation to assume the atoms to have a point-like struture.
The absene of utuation in the oupation number of the lattie sites
ensures the extreme regularity of the periodi struture. This fat has
a ruial role in the radiation-matter interation: the resulting disrete
translational symmetry imposes a modiation of the e.m. vauum whih
results in a suppression of the absorption proess [15, 40℄. Furthermore
the presene of an energy gap for the many-body exitation of the system
protets the radiation-matter interation against deoherene proesses.
2.2 Transfer Matrix tehnique
To study the propagation of monohromati light through a MI of atoms,
we model the system as a one-dimensional hain of atomi planes separated
by a distane a (lattie onstant): eah of these planes has a superial
homogeneous density 
n
= na. The wavevetor of light is normal to the
atomi planes. To get the band diagram and the reetivity spetra, we
onsider the stationary solution of the Maxwell's equations given by the
TM tehnique [36℄.
The basi idea of this algorithm is the disretization of an arbitrary om-
plex 1D dieletri struture in many homogeneous layers. The spatial part
of the eletri eld is expanded in terms of the two ounterpropagating
waves at a xed energy ~!:
E(x; t) =
 
E
+
e
ik
+
x
+ E
 
e
ik
 
x

e
 i!t
; (2.4)
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Figure 2.1: Pitorial representation of how the TM tehnique works.
and it is then represented by a two-omponent vetor
~
E = (E
+
; E
 
). In
a homogeneous layer with refrative index n
1
and length d, these plane
waves have wavevetors
k

= n
1
!

; (2.5)
where  is the speed of light in vauum. The plane waves aquire a phase
e
ik

d
during the path through the layer. The eletri eld at the end of
the layer
~
E(d) is then alulated by applying the matrix
M
n
1
;d
(!) =

e
in
1
kd
0
0 e
 in
1
kd

(2.6)
to the vetor
~
E(0) orresponding to the origin of the layer; here k = !=.
The passage through an interfae between neighboring layers with dier-
ent refrative indees n
1
and n
2
gives rise to reetion and transmission
aording to the ontinuity ondition for the eletri eld, as expressed by
Fresnel laws [39℄
t
n
1
!n
2
=
E
0
+
E
+
=
2n
1
n
1
+ n
2
; (2.7a)
r
n
1
!n
2
=
E
 
E
+
=
n
1
  n
2
n
1
+ n
2
: (2.7b)
Here the
0
denotes the quantities in the layer with index n
2
. The transfer
matrix of the interfae is then given by
M
n
1
!n
2
=
0
B

n
1
+ n
2
2n
2
n
2
  n
1
2n
2
n
2
  n
1
2n
2
n
2
+ n
1
2n
2
1
C
A
: (2.8)
By using the matries (2.6) and (2.8), it is possible to desribe every 1D
struture
1
as it is depited in Fig. 2.1.
1
In fat, a ontinuous variation of the dieletri properties an also be desribed as
long as the disretization step is hosen muh shorter than the radiation wavelength,
aording to the spatial derivative of the refrative index.
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2.2.1 Appliation to periodi strutures
TM tehnique is very powerful in the ase of periodi strutures: in fat,
by diagonalizing the TM desribing the elementary ell for eah frequeny
!, it is possible to obtain the band diagram and the eletri eld for the
propagating modes of an innite struture.
If there is no absorption (i.e. the dieletri onstant  2 R) and the ell is
symmetri, the struture is invariant for time and spae reversal, whih is
always the ase in the systems we are presently investigating. Beause of
these symmetries, the eigenvalues 
1
and 
2
of the TM of the elementary
ell show peuliar properties:
1. spae reversal invariane implies that det(M) = 1 whih gives 
1
=
(
2
)
 1
;
2. time reversal invariane implies 
1
= 

2
.
Under these assumptions, the general form of the eigenvalues of the TM
is


= e
iK(!)a
; (2.9)
where a is the length of the elementary ell. By looking at the expres-
sion of these eigenvetors, it is lear that they are either real or omplex
onjugated. If they are real, then the Bloh wavevetor has two possible
forms:
K(!) = 0 + i; (2.10)
K(!) =

a
+ i(!); (2.11)
where  is real. The eletri eld is evanesent inside the struture with
extintion length
`
ext
=
1

; (2.12)
and the propagation is forbidden in an innite system: these solutions
orrespond to the gaps in the band spetrum. If instead the eigenvalues


are omplex onjugated, the band diagram is determined through the
formula
K(!) =
1
a
aros

Tr(M(!))
2

; (2.13)
where K(!) belongs to the rst Brillouin zone (fBz),   < Ka < . In
the present analysis, the bands show a symmetry for opposite wavevetors
orresponding to the same frequeny (i.e. energy) and for this reason we
usually show in the gures only half the fBz.
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2.2.2 Transfer Matrix for an atomi plane
We onsider the sattering of light on a single atomi plane to derive the
related TM: we model the atomi sheet as a Dira-like impurity embedded
in vauum in the origin of propagation axis [53℄, x = 0. Its suseptibility
an be written by using the expression for the two-level atomi gas (1.11):
(!; x) =
f!
eg
2
1
!
eg
  !
a Æ(x) = P
R
(!) Æ(x); (2.14)
where we have introdued the refrative power P
R
(!). We use this expres-
sion to alulate the polarization whih appears into the wave equation
for the propagation of the eletri eld [39℄

2
E(x)
x
2
+ k
2
(1 + 
0
(!; x))E(x) = 0: (2.15)
We integrate in spae between the symmetri boundaries  l and +l and
then let l! 0; the Æ-like polarization generates a disontinuity in the rst
derivative of the eletri eld:

E
x




x=0
+
 
E
x




x=0
 

=  P
R
(!)k
2
E(0): (2.16)
We note that, dierently form its derivative, the eletri eld is ontinuous
through the atomi defet, exatly as it happens in the ase of the wave-
funtion and its spatial derivative for a Æ-like potential in the Shrodinger's
equation. By imposing the boundary ondition, we alulate the eletri
eld omponents at the opposite sides of the atomi plane: from these
values we get the elements of the TM. The produt with the TM of a
vauum layer of length a generates the TM for the elementary ell of the
struture under analysis:
M(!) =
0
B
B

e
ika

1 + i
P
R
(!)k
2

e
 ika

i
P
R
(!)k
2

e
ika

 i
P
R
(!)k
2

e
 ika

1  i
P
R
(!)k
2

1
C
C
A
: (2.17)
2.3 Photoni Bands
To get a simple physial understanding of the system, it is useful to on-
entrate our disussion on the simplest ase of a 1D geometry: most eets
related to resonant light-matter interation are in fat independent from
the dimensionality of the system under onsideration [40,54,55℄. In parti-
ular we onentrate on the interplay between the periodiity of the system
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and the resonant behavior of the optial response whih has never been
studied in a systemati way. Interesting disussions of the optial proper-
ties of dierent kinds of 1D resonant PCs an be found in [48, 56{61℄.
A hallenging question in the study of photoni bands is the searh for
a omplete (i.e. 3D) photoni band gap [62, 63℄ whih allows to stop the
inoming radiation despite its diretion and polarization in a ertain fre-
queny region: the debate for the ase of atomi samples is still open and
ontinues to attrat interest [15{18,64℄, but this is beyond our aim.
As introdution to the periodi ase, we briey disuss the properties of
the resonant suseptibility (1.11) whih desribes a homogeneous system.
In all the gures, the shaded regions indiate the forbidden gaps.
2.3.1 Bulk of resonant atoms
0 1 2 3 4
0
0.5
1
1.5
2
2.5
3
K/k
eg
ω
/ω
e
g
Figure 2.2: Polariton dispersion for a bulk of non-absorbing two-level atoms:
the osillator strength is f = 10
 1
. The gray area indiates the polariton gap.
For the sake of larity, the dipole moment has been exaggerated with respet
to atual values of atomi systems.
As we stated above, the harateristi element in the dispersion law of a
bulk of non-absorbing two-level atoms is the polariton gap whih appears
above the resonane frequeny !
eg
. As we neglet the absorption, the di-
eletri onstant is always real. The gap opens up where (!) = 1+(!) is
negative, i.e. for [!
eg
 !+(f=2)!
eg
℄ < 0. In fat, in this ase the refrative
index of the medium n(!) =
p
(!) is imaginary and therefore the eld is
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Figure 2.3: Polariton dispersion of a two-level atomi gas: zoom on the region
near the polariton gap. The red dot-dashed line is the resonant frequeny and
the blue dashed line shows the Rabi splitting. Same parameters as in Fig. 2.2.
evanesent. We immediately see that the width of the gap is xed by the
osillator strength:
!
pol
=
f
2
!
eg
: (2.18)
The other important quantity is the width of the Rabi splitting whih
opens orresponding to the rossing between the transition frequeny and
the vauum dispersion of light: it indiates the strength of the radiation-
matter oupling. This splitting an be alulated from the general form of
the light dispersion
2
:
(!)
!
2

2
= K
2
; (2.19)
where we substitute the resonant wavevetor K = k
eg
. Beause we are
looking for the splitting near the resonant frequeny, we solve the equation
for the frequeny detuning Æ
e
= (!
eg
  !) and we retain terms up to the
seond order in Æ
e
; (f=2)!
eg
 !
eg
. By substituting the appropriate values,
2
We use dierent notations depending on the variable whih is the independent
through the alulation: the Capital letters (
;K) refer to the dependent variables,
vie versa for the small ones (!; k).
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we obtain:

1 +
f!
eg
2Æ
e

(!
eg
  Æ
e
)
2
= !
2
eg
Æ
2
e
+ Æ
e
f
2
!
eg
 
f
4
!
2
eg
= 0: (2.20)
The leading order of the solution in terms of f is given by
Æ
e
= 
p
f
2
!
eg
: (2.21)
The dierent width of the gap and the Rabi splitting is learly shown in
Fig. 2.3.
2.3.2 Band diagram of a Mott Insulator
In the analysis of the band diagram of the MI, two frequeny sales are
to be onsidered: the atomi resonane frequeny !
eg
, and the Bragg fre-
queny !
Br
= =a of the lattie whih arries information on the pe-
riodiity of the lattie and derives from the famous Bragg ondition for
diration spetrosopy [44℄. As we have seen in the introdutory disus-
sion, the width of the frequeny region in whih radiation and matter
strongly interat is determined by the Rabi splitting (2.21). Starting from
this onsideration, two dierent regimes an be distinguished aording to
the ratio between the detuning !
eg
  !
Br
and the Rabi splitting.
Purely exitoni regime
The purely exitoni regime orresponds to the ase when the resonane
frequeny !
eg
and the Bragg frequeny !
Br
are well separated j!
Br
  !
eg
j 
p
f!
eg
. An example of polaritoni dispersion for this regime is shown in
Fig. 2.4 for !
eg
< !
Br
.
Two main features haraterize this regime: the region of the polariton
gap and the foldings of the light line at the edges of the fBz. Near the res-
onant frequeny, the polariton dispersion shows the usual Rabi splitting:
in fat the wavelength of the radiation is muh bigger than the periodiity
and the system an be onsidered for many aspets as a bulk. Far from
this region, the polaritoni modes tend to almost purely radiation or mat-
ter modes. At the edges of the fBz, for frequenies multiple of !
Br
, the
vauum dispersion of light rosses itself beause of the periodiity of the
system: this is a pitorial representation of Bragg sattering proesses on
the atomi lattie. In this ase the far o-resonane value of the suseptibil-
ity (1.15) represents the eetive interation between ounterpropagating
light modes indued by the presene of atoms.
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Figure 2.4: Polariton dispersion in a 1D lattie of two-level atoms. Purely
exitoni regime: f  3:6  10
 2
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Figure 2.5: Polariton dispersion in a 1D lattie of two-level atoms: zoom on
the two lower-lying gaps. Purely exitoni regime: parameters as in Fig. 2.4.
(a) Exitoni gap near the resonane frequeny (red dot-dashed line), the blue
dashed line shows the Rabi splitting. (b) First Bragg gap.
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The antirossings due to these proesses result in the opening of gaps
at the edges of the fBz as shown in Fig. 2.5. Around !
eg
, there is the
usual polaritoni gap of resonant dieletris [39℄, while just above !
Br
we have the rst of the gaps due to Bragg sattering. There is a small
dierene from the bulk ase: the former gap extends on both sides of !
eg
beause of the limited size of the fBz. As long as the detuning between
the two frequeny sales diminishes, this gap passes from above to below
!
eg
. Its width remains of the order of the osillator strength (2.18). The
latter one is instead loated stritly above !
Br
. Its lower edge is exatly
at !
Br
and orresponds to a propagating modes whih is unaeted by
the presene of the atoms that are loated at the eletri eld nodes.
As usual, the polaritoni density of states vanishes inside the gaps, and
radiative propagation at these frequenies is forbidden.
Mixed Exiton-Bragg regime
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Figure 2.6: Polariton dispersion in a 1D lattie of two-level atoms. Mixed
exiton-Bragg regime: f  2:4  10
 3
(!
Br
=!
eg
) and 1  (!
eg
=!
Br
)  1:4  10
 2
.
The ondition (!
Br
  !
eg
) .
p
f!
eg
denes the mixed exiton-Bragg
regime. The name suggests the strong interplay between the periodiity
and the atomi resonane in the frequeny spetrum. In fat, three modes
are simultaneously mixed: the two ounterpropagating e.m. modes, the in-
oming one at k and the rst Bragg dirated at k 2=a, and the atomi
exitation.
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Figure 2.7: Polariton dispersion in a 1D lattie of two-level atoms: zoom on
the gap region near !
Br
. Mixed exiton-Bragg regime: same parameters as in
Fig. 2.6.
Dierently from the previous ase, the Rabi splitting is now loated lose
to the edges of the fBz. As one an see in Fig. 2.6, this results in muh wider
forbidden gaps of the order of the splitting. It is interesting to note the
presene of a mini-band whih ranges between !
eg
and !
Br
: the squeezing
eet due to the redued detuning between the two main frequenies in-
dues a very at dispersion over most of the fBz. As in the previous regime,
the polariton dispersion touhes the vauum light line at the Bragg fre-
queny beause of the eletri eld showing nodes at the atomi loations.
The maximum extension of the two gaps is
p
f=2!
eg
and it orresponds
to the omplete squeezing of the mini-band, !
Br
= !
eg
. The separation in
frequeny between the modes at k
Br
is
p
2f!
eg
and there is a fator
p
2
with respet the usual Rabi splitting: this fator omes from the struture
of the eletri eld that ontains a superposition of equal weights of the
two Bragg reeted plane waves.
2.4 Refletivity spetra
The band diagram desribes the physis of an innite struture with a full
disrete translational invariane: there are propagating modes orrespond-
ing to the bands separated by gaps of forbidden energy. Most spetrosopi
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experiments, however, involve light beams whih are inident onto nite
systems and therefore require a desription of the interfaes between re-
gions of dierent optial properties, namely the external vauum and the
atomi lattie. Maxwell's theory requires in fat the ontinuity of both
the eletri eld and its spatial derivative. We onsider plane waves in
vauum and polariton modes (eigenvetors of the TM) inside the atomi
struture. By imposing suitable boundary onditions, we alulate the re-
etivity spetra of the system [48, 55, 56, 58{61℄. Two geometries will be
onsidered: a semi-innite lattie, and a nite slab.
(a)
(b)
Figure 2.8: Geometries onsidered for the reetivity spetra. Panel (a): semi-
innite system (vauum on the left, lattie on the right). Panel(b): nite slab
(vauum at both side of a nite lattie). Thin arrows indiate the plane waves
in vauum and thik arrows indiate polariton eigenmodes in the lattie.
Semi-innite geometry
In this onguration illustrated in Fig. 2.8(a), there is a single interfae,
dividing the spae in two semi-innite regions: vauum and lattie.
We rst onsider the input problem with an inoming and a reeted plane
wave in the vauum and a single transmitted polariton Bloh mode in the
lattie. We x the wavevetor k = != of the plane wave and then we
hoose the polariton mode with Bloh wavevetor K(!) in order to satisfy
energy onservation. We alulate the eletri eld and its derivative by
onsidering a symmetri elementary ell with the atomi plane at its en-
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Figure 2.9: Upper panel (a): Reetivity spetra in the purely exitoni regime
for a semi-innite lattie. Lower panels: (b) Bragg gap. () Exitoni gap. Pa-
rameters as in Fig. 2.4.
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Figure 2.10: Upper panel: Reetivity spetra in the mixed exiton-Bragg
regime for a semi-innite lattie. In the bottom panel: zoom on the gap region
and mini-band reetivity. Parameters as in Fig. 2.4.
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ter: this way, also the derivative is ontinuous through the interfae. The
reetion amplitude r
in
is then expressed in terms of the ratio between
the wavevetors inside and outside the lattie:
r
in
=
E(0) + (i=k)E
0
(0)
E(0)  (1=k)E
0
(0)
; (2.22)
where the
0
denotes the spatial derivative of the eletri eld. The mis-
math between the wavevetors of the polariton state and the inom-
ing wave determines the reetivity R
in
= jr
in
j
2
shown in Fig. 2.9 and
Fig. 2.10: this is signiant around the gaps where the inoming wave is
strongly interating with the atomi resonane [Fig. 2.9(b)℄, the Bragg
dirated wave [Fig. 2.9()℄, or both [Fig. 2.10(b)℄. In the mixed exiton-
Bragg regime, we note that the reetivity remains quite large in between
the two gaps: the atter the middle-polariton branh, the higher the or-
responding reetivity. It is then hard to exploit the slow light properties
of this mini-band beause the amount of light that an be oupled into
the system is small. In the present semi-innite geometry, reetivity is
omplete for frequenies orresponding to the gaps where the wave vetor
beomes imaginary and the eld inside the lattie onsists of an evanesent
wave.
The output problem orresponds to two ounterpropagating Bloh modes
with the same energy inside the lattie, let's all them
3
E
+
and E
 
, and
a single transmitted plane wave in the external vauum. The reetivity
is given by R
out
= jr
out
j
2
with
r
out
=  
E
+
(0) + (i=k)E
0+
(0)
E
 
(0) + (i=k)E
0 
(0)
: (2.23)
It is straightforward to note that the reetivity is the same in input and
output ase: in fat, E
+
= (E
 
)

whih is a onsequene of the system
being invariant under time reversal and spatial parity.
Finite slab
Reetivity spetra for a nite system [Fig. 2.8(b)℄ are shown in Fig. 2.11
and Fig. 2.12. There are two main dierenes with respet to the semi-
innite ase: the propagation takes plae also in the intervals of frequeny
orresponding to the gaps for an innite system and there are fast osilla-
tions on top of the reetivity spetrum around the main gaps. In this ase
light an propagate through the system also in the ranges of frequeny in
whih the Bloh wavevetor K is imaginary: it is the ratio of the length
3
We use here the supersript to distinguish the propagating modes from their om-
ponents within the TM formalism that are labeled below.
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Figure 2.11: Upper panel: Reetivity spetra in the purely exitoni regime
for a nite slab of atomi planes withN = 20 ells. Lower panels: (b) Reetivity
peak at !
Br
() Gap near the resonant frequeny. Parameters as in Fig. 2.4.
The gray regions orrespond to the gaps for the innite system.
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Figure 2.12: Upper panel: Reetivity spetra in the mixed exiton-Bragg
regime for a nite slab of atomi planes with N = 20 ells. Bottom panel: zoom
on the region near !
Br
for the ase N = 20 (blak dot-dashed line) and N = 100
(blue solid line). Parameters as in Fig. 2.4. The gray regions orrespond to the
gaps for the innite system.
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of the lattie L on the extintion length 1=K whih disriminates between
a short system, KL  1, and a long one, KL  1. The ruial role
of the parameter KL for a Bloh wavevetor either real or imaginary, is
lear from the expression for the reetivity of a system omposed by N
elementary ells [57℄:
R
N
=




m
1;2
sin(KaN)
m
2;2
sin(KaN)  sin(Ka(N   1))




2
; (2.24)
where the m oeÆients represents the elements of the elementary ell and
we have L = Na.
In the short lattie ase, the spetrum is mainly haraterized by a Lorentzian
peak orresponding to the atomi resonane. The paradigm of this regime
is the single atomi plane whih gives the reetivity:
R =




 
m
1;2
m
2;2




2
=
=
"
1 +

!   !
eg
!
eg
4
f
1
ka

2
#
 1
: (2.25)
The width of the peak is xed by the osillator strength and the orre-
sponding Lorentzian shape is shown in Fig. 2.13. As the number of atomi
planes grows the peak initially aquires a width proportional to N . For
N ! 1, the reetivity reahes value 1 into the whole gap regions and
not only at the resonane frequeny. The development of these stop bands
is not uniform along the spetrum, in fat the extintion length is pro-
portional to the suseptibility and it beomes small near !
eg
while it is
muh bigger in other regions of frequeny orresponding to a gap in the
innite system. For example, the far o-resonant gaps develop slower as
ompared to the polaritoni gap. This is the ase depited in Fig. 2.11(b)
and Fig. 2.11(): we ompare the strength of the reetivity peaks re-
spetively near resonane and at Bragg frequeny, in the purely exitoni
regime. For this reason the short and long lattie ases depends also on
the range of frequeny under investigation.
In the long lattie regime, the appearane of the fringes at the gap edges
an be explained by onsidering the slab geometry of the system. Two
interfaes at respetively x
fr
=  ((N   1) + 1=2)a and x
bak
= a=2 now
separate three regions of spae: the vauum with the inident and reeted
plane waves, the nite-size lattie with ounterpropagating polaritons, and
again vauum with now only a transmitted plane wave. The eld in the
last ell (x 2 [ a=2; a=2℄) is determined by the output problem onsidered
above to be
E
st
(x) = E
+
(x) + r
out
E
 
(x): (2.26)
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Figure 2.13: Typial Lorentzian reetivity peak for a single atomi plane.
Parameters as in Fig. 2.4.
As both E

(x) are Bloh states, the eld in the rst ell (taking x 2
[ ((N   1) + 1=2)a; ((N   1)  1=2)a℄) has the simple form
~
E
st
(x) = E
+
(x+(N 1)l) e
 ikl(N 1)
+r
out
E
 
(x+(N 1)l) e
ikl(N 1)
: (2.27)
By solving the ontinuity onditions at the front interfae at x = x
fr
, we
get
r
slab
= e
2i(!=)x
fr
~
E
st
(x
fr
) + i(=!)
~
E
0
st
(x
fr
)
~
E
st
(x
fr
)  i(=!)
~
E
0
st
(x
fr
)
: (2.28)
Beause of the phase fators in (2.27), fast osillations our in the ree-
tivity (2.28) due to the Fabry-Perot-like interferene of Bloh waves whih
undergo multiple reetions at the lattie boundaries. The period ! of
these osillations is xed by the group veloity v
gr
= d!=dK and the total
length of the system L,
! =

L
v
gr
: (2.29)
the slower v
gr
, the loser the peaks. This relation laries the fat that the
fringes appear near the gaps where the interation between radiation and
matter mostly deforms the vauum dispersion of light.
It is instrutive to ompare the envelope of this osillations with the spe-
trum in the semi-innite geometry. We an onsider a simplied model
where the lattie is replaed by a bulk medium of refrative index n. In
this ase, the reetivity for a single interfae separating vauum and
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medium is
R
int
=

1  n
1 + n

2
: (2.30)
For a slab of thikness L, the reetivity is [65℄
R
slab
=
(n  1=n)
2
sin
2
(!nL=)
4 os
2
(!nL=) + (n + 1=n)
2
sin
2
(!nL=)
(2.31)
Fabry-Perot osillations are apparent, with a maximum reetivity at the
peaks equal to
R
max
slab
=

1  n
2
1 + n
2

2
: (2.32)
In the limit n! 1, the ratio (R
max
slab
=R
int
)! 4: this is due to the presene
of two ounterpropagating Bloh modes in the slab as ompared to the
single propagating mode in the semi-innite ase. This fator 4 provides
a good approximation in the lattie ase as well, as one an easily see in
the low-reetivity tails of the spetra shown in Fig. 2.14.
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Figure 2.14: Comparison between the low reetivity tails of the spetra below
the resonane frequeny for the semi-innite ase (dashed blue line is 4 times
R) and the nite slab (solid blak line) with N = 100 (long lattie limit).
Parameters as in Fig. 2.6.
CHAPTER 3
Sattering of slow light on
defets
In Chapter 2, we have notied the formation of a squeezed mini-band in
the photoni spetrum of a Mott Insulator (MI) of two-level atoms in
the mixed exiton-Bragg regime. The width of this mini-band is xed by
the detuning between the resonant and Bragg frequenies and it is then
in priniple tunable by ating on these atomi degrees of freedom. The
redued slope of the dispersion means that the polaritoni propagating
modes are slow as ompared to the vauum speed of light. This slow
light [28℄ behavior is very interesting: if the eletri eld propagates slowly,
the interation time with the underlying medium is enhaned opening a
rih variety of possibilities to probe the system as well as to manipulate
the propagating radiation. However, high reetion at interfaes in the
orresponding frequeny range inhibit the use of suh a feature [39,48,56,
66, 67℄.
The so alled  exitation sheme for a three-level atomi system, dis-
ussed in the Chapter 1, generates a peuliar dispersion for the probe
beam whih joins together slow light behavior, a good impedane math-
ing at interfaes and strong suppression of absorption [21℄. The ruial
ingredient is the strong dressing of the transition between the metastable
and the exited state via the ontrol (or dressing) eld: the appliation of a
resonant probe in fat drives the atoms into a oherent superposition of the
lower-lying and long living states that is deoupled from the exited level.
The resulting Eletromagnetially indued transpareny (EIT) [22{24℄ of-
fers fasinating perspetives to oherently play with light.
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The reetivity dip an be used to injet slow light into the struture as
a probe. In the ase of atomi MI is of great interest the possibility to
detet the presene of defets, suh as lak of atoms at some lattie site:
we then expet a hange in the optial response of the system.
In Setion 1, we introdue the resonant behavior of a three-level system
by using the suseptibility derived in Chapter 1. We present and disuss
the expressions for the group veloity, reetivity and absorption orre-
sponding to the two-photon Raman resonane.
Setion 2 is instead devoted to the study of the reetion of the slow Dark
Polariton (DP) on defets embedded in a lattie of three-level atoms. The
vauum defet is shown to behave like an empty avity with proper loal-
ized modes. On the other hand, the presene of a two-level atomi impurity
along the 1D system with resonant frequeny orresponding to the EIT
reetivity dip gives rise to omplete reetion. Eet of absorption is also
disussed.
3.1 EIT Dispersion
The dispersion arising from the resonant suseptibility (1.25) is hara-
terized by three polaritoni branhes [26,27,29℄ as shown in Fig. 3.1. The
bands are alulated by using the general law for light dispersion in matter
(2.19).
In the regime
p
f  


=!
eg
, the upper (UP) and lower (LP) polaritons
have a struture similar to the two-level ase and the leading order of
the Rabi splitting is given by the osillator strength. The presene of
the metastable state and the ontrol eld results in the appearane of
a third entral band: the DP (or middle polariton) arries all the nie
properties related to EIT. The width of the entral band is ontrolled by
the amplitude of the dressing eld, 


.
We fous the analysis on the suseptibility at Raman resonane, Æ
R
=
0, to obtain the relevant quantities that desribe the propagation of a
DP. In partiular we onsider a resonant dressing of the transition from
the metastable state to the exited state, Æ
e
= Æ
R
. The expressions for
the suseptibility and its rst and seond order derivatives with respet
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Figure 3.1: Polaritoni dispersion in an EIT atomi medium near resonane.
Osillator strength: f = 0:04. Rabi frequeny of the ontrol eld: 


= 0:07!
eg
(blak solid line), 


= 0:04!
eg
(blue dashed line).
frequeny are [68℄:
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Here we have ordered the terms in brakets depending on the relative
strength for the typial values of atomi systems under investigation here,
(


 
e
 
m
).
The slope of the band gives the group veloity of a travelling wavepaket:
v
gr
=
d!
dk




Æ
R
=0
=
= 
 
q
(!
eg
) +
!
eg
2
p
(!
eg
)

!




Æ
R
=0
!
 1
=
=

1 +
f!
2
eg


2

: (3.2)
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Figure 3.2: Group veloity near Raman resonane in an EIT atomi medium.
Parameters and olours as in Fig. 3.1.
It is the ratio between the intensity of the ontrol eld and the Rabi
splitting that tunes the propagation speed in the atomi medium. As far
as we lower the ontrol eld the DP mini-band is squeezed and the DP
slows down as it is depited in Fig. 3.1 and Fig. 3.2.
It is also important to estimate the absorption experiened by the radi-
ation during the propagation: this is given by the imaginary part of the
suseptibility. We see from the expression (3.1a) that at Raman resonane
the absorption is determined by the dephasing parameter 
m
: as it omes
from non-radiative proesses, it is in general orders of magnitude smaller
than the usual atomi linewidth; for this reason, it an be negleted. By
using the Taylor expansion of K(!), it is then the seond order derivative
to give the leading order in the absorption proess:
(!)
v
gr
=
1
2
Im


2
k
!
2





Æ
R
=0
(!   !
eg
)
2
=
=
1

!
eg
4
p
(!
eg
)

2

!
2




Æ
R
=0
(!   !
eg
)
2
=
= i2
e
f !
2
eg


4

(!   !
eg
)
2
: (3.3)
Here we have exploited the linearity of the DP band near Raman reso-
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Figure 3.3: Reetivity spetrum for an EIT atomi medium near resonane.
Parameters and olours as in Fig. 3.1.
nane, ! = v
gr
K, and the formula
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The expression (3.3) shows the paraboli behavior in the absorption spe-
trum near Raman resonane with the resulting dip whose amplitude is
xed by the dressing frequeny.
3.1.1 Reetivity dip
A ruial feature of EIT is the vanishing reetivity experiened by an
inoming wave at Raman resonane. The robustness of this behavior is
guaranteed by the fat that the vauum light line rosses the DP branh
regardless of the partiular values hosen for the system parameters, as it
is reported in Fig. 3.3.
To show this good impedane mathing, we derive the reetivity at the
interfae between a homogeneous medium under EIT ondition and va-
uum by using the simple model for reetivity at the interfae between
media with dierent refrative indies (2.30). The index of refration for
the atomi medium in the viinity of Raman resonane, ! = !
eg
+ Æ!, is
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obtained from the dispersion law:
n(!) =
K
!
=
!
eg
+ (=v
gr
)Æ!
!
eg
+ Æ!
; (3.5)
where we use the linear form of the dispersion near Raman resonane and
we have =v
gr
 1 (Æ!=!
eg
)(=v
gr
). We put this result into the formula
(2.30) and we get the reetivity at the boundary of the EIT medium:
R =

Æ!(1  =v
gr
)
2!
eg
+ Æ!(1 + =v
gr
)

2
; (3.6)
here we eliminate the term proportional to (v
gr
=) in the numerator and
the terms in ÆK in the denominator. We then obtain the expression for
the paraboli dip
R(!) 
(!   !
eg
)
2
4!
2
eg


v
gr

2
: (3.7)
The width of the dip is xed by the group veloity and it is then propor-
tional to the ontrol eld intensity, 

2

. The oupling of light is not allowed
over the whole DP band, but only in the region near Raman resonane as
you an see in Fig. 3.3.
3.2 Sattering on defets
As we have seen above, the linear suseptibility gives a stati desription
of a polariton that propagates through a homogeneous system. The model
is valid either for a monohromati wave or a wavepaket: in fat as long as
the radiation-matter interation is onstant in time, the modes at dierent
energies do not interat and they an be treated separately.
Within a stati piture, it is of great interest the investigation of the sat-
tering in the presene of defets. In fat, the optial response of a system
oers the possibility to infer some information about its internal stru-
ture. Here we present a simple approah to the sattering problem. We
onsider a 1D geometry for the propagation of the polariton: in this ase
the sattering is given by the reetivity from the defet. The reetiv-
ity on a vauum slab embedded in a homogeneous EIT medium is given
by an osillatory funtion depending on the length of the defet with an
envelope whih is related to the reetivity on a single interfae
1
(2.32).
Furthermore, if we onsider an atomi gas trapped in an optial lattie in
the MI phase, it is important from both a theoretial and an experimental
point of view to have tools to test the regularity of the struture [69,
1
See the disussion in Chapter 2.
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70℄. The EIT dispersion oer the possibility to test the response of the
medium also in the resonane region where the two-level system has a
bad impedane mathing. In the following we will study the lattie ase
both near resonane and round the Bragg frequeny in the purely exitoni
regime. In the rst ase we expet a result similar to the bulk system while
in the latter ase we look for the loalization of light in the defet due to the
periodiity. We note that, near the Bragg frequeny, the dierene between
the two-level and three-level atoms is not important beause we are far
from resonane. We use the TM algorithm that oers a numerially easy
and safe way to alulate the reetivity spetra for dierent geometries.
We rst neglet the absorption by following the approah of Chapter 2 and
then we introdue 
e
in order to determine the robustness of the dierent
eets: in fat, in the ase of three-level atoms spontaneous emission from
the exited state is no more quenhed and the Hopeld argument [40℄ is
not valid in general.
3.2.1 Vauum defet
In Fig. 3.5 and Fig. 3.7, we show the reetivity spetra for a set of vauum
defets with varying length embedded both in an innite system and in
between two nite slabs.
(a)
(b)
Figure 3.4: Vauum defet embedded in atomi EIT latties. Panel (a): semi-
innite atomi latties. Panel (b): nite slabs of atomi media. The big arrows
indiate polariton modes, while the thin ones represent plane waves.
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In the rst ase (blak lines), we divide the spae in three parts as in Fig.
3.4(a): two semi-innite regions of EIT atomi medium separated by a de-
fet of length l; in the rst atomi part, we onsider two ounterpropagat-
ing polariton modes (inident and reeted); two plane waves travelling
in opposite diretions are used to built the eletri eld in the vauum
defet while a single transmitted polariton is propagating in the seond
semi-innite atomi layer. Frequeny mathing onditions are imposed at
the interfaes. As usual, the struture of the polariton modes omes from
the diagonalization of the TM of the elementary ell and the reetion and
transmission oeÆients are alulated by imposing boundary onditions
at the two interfaes.
In the latter ase (red lines), the ve regions depited in Fig. 3.4(b) of spae
have to be onsidered: an initial and a nal part of vauum separated
by the atomi system whih is omposed by two nite layers, eah of
whih with N=2 ells, and the defet in between them. The spetra for
this geometry are alulated from the TM of the whole atomi system
M
tot
=M
N=2
M
l
M
N=2
,
R
N
=




m
tot;(1;2)
m
tot;(2;2)




2
: (3.8)
The spetra in Fig. 3.5 and Fig. 3.7 reall the ases studied in the pre-
vious hapter. The main dierenes between the semi-innite geometry
and the nite slabs in fat are the same: the spetra for the nite systems
show Fabry-Perot interferene fringes due to the reetion of the polariton
modes at the interfaes of the slabs and there is a fator 4 whih multi-
plies the spetrum of the innite ase to reover the peaks of the nite
geometry where the reetivity is small. Furthermore, propagation is for-
bidden at gap frequenies for the semi-innite media, while it depends on
the number of ells, N=2, in the nite systems: here we onsider the long
lattie limit.
Resonane region
In the region near resonane shown in Fig. 3.5, we observe a dependene
of the reetivity on the length of the defet whih an be analyzed for the
innite struture. If the defet is not present (l = 0), a polariton mode an
propagate through the system without any reetion for frequenies orre-
sponding to the photoni bands; in the gaps, the propagation is forbidden
and we x R = 1 in the gures for simpliity. As long as we introdue a
defet, there is some reetion due to the mismath of the eletri eld
between plane waves and polariton modes. This mismath is related to the
relative phase aumulated by the plane waves in the propagation through
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Figure 3.5: Polariton sattering on a vauum defet: reetivity spetra for an
innite system (solid blak lines) and a ouple of nite slabs (solid red lines).
The length of the defet (in units of the inverse of the resonant wavelength
2=k
eg
) is: l = 0 (a), l = 0:1 (b), l = 0:2 (), l = 0:5 (d). Parameters of the
system: f = 0:04, 


= 0:07!
eg
. The nite slabs ontain N=2 = 100 ells.
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Figure 3.6: Comparison between minimum reetivity defets, orresponding
to values in the set of l
m
[see ondition (3.10)℄: m = 1 (solid blak line), m = 2
(dashed green line), m = 3 (dotted blue line), m = 4 (dot-dashed red line).
Parameters as in Fig. 3.5.
the defet

l
(!) = e
2 i(!=)l
: (3.9)
Exatly at Raman resonane the EIT dispersion rosses the vauum light
line and the atomi medium is transparent to the polariton propagation:
the reetivity dip guarantees the perfet oupling from the atomi gas
to vauum and vie versa, as we stated above. As far as we move away
from Raman resonane, reetivity inreases till the gaps. When the defet
reahes the length
l
m
= m(=k
eg
) (3.10)
with m integer, the phase displaement vanishes at Raman resonane and
it is in general small along the DP mini-band beause !  !
eg
: the ree-
tivity is small along the whole spetrum. Nevertheless, it is not exatly
zero away from Raman resonane and there is an inrease proportional to
m, as it is shown in Fig. 3.6 in partiular in the regions near the gaps.
Bragg frequeny
Near the Bragg frequeny, we observe the formation of loalized modes for
frequenies inside the gaps for the nite struture: this feature is learly
visible in the omparison between the two dierent geometries in Fig. 3.7.
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Figure 3.7: Polariton sattering on a vauum defet near Bragg frequeny:
reetivity spetra for an innite system (solid blak lines) and a ouple of
nite slabs (solid red lines). In the nite ase, we observe the appearane of
loalized modes for frequenies inside the gap of the semi-innite geometry.
The lengths of the defets, expressed in units of the lattie onstant a, are:
l = 0 (a), l = 0:2 (b), l = 0:5 (), l = 0:7 (d). Coupling strengths of the system
as in Fig. 3.5. The nite slabs ontain N=2 = 150 ells.
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Figure 3.8: Compression of the width of the loalized mode resonane by
inreasing the number of ells in the atomi latties: N=2 = 150 (solid blak
line), N=2 = 175 (dotted blue line), N=2 = 200 (dashed red line). The defet is
long l = 0:5 a.
In this ase, the defet beomes a sort of avity embedded in between the
two latties that at as mirrors. Beause the system is nite, some light
an tunnel through the struture and a stationary state for the eletri
eld is established: it is peaked orresponding to the defet and it vanishes
exponentially in the atomi parts. The phase displaement between the
two plane waves in the defet is now given by

Bragg
l
= e
2i(=a)l
: (3.11)
By varying the length of the defet l 2 [0; a℄, the frequeny of the loalized
mode shift from the upper bound to the lower bound of the Bragg gap:
it is in the enter when 
Bragg
l
=  1. Beause we are onsidering the slab
ase, the reetivity of the mirrors depends on the number of ells of eah
lattie (2.24): by varying the lengths of the slabs L = (N=2)a we hange
the width of the resonane as it is shown in Fig. 3.8.
3.2.2 Atomi defet
It is also of interest to onsider the ase of an atomi impurity embedded
in the three-level atomi lattie; we built up a toy model that desribes a
sort of photon blokade proess as it was suggested in the investigation of
the non-linear interation in a four-level atomi gas [71℄.
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Figure 3.9: The four-level onguration (Panel a) whih is studied with to
the toy model based on the two-level defet (Panel b): the dressed atom has an
allowed transition jmi $ je
2
i that is near resonant with the probe eletri eld.
This transition is mimiked by using the two-level atom in the semi-innite
geometry.
The atomi onguration we want to mimi is depited in Fig. 3.9: in
addition to the three-level  onguration, the metastable state is oupled
to a seond exited state je
2
i and this transition is near resonant with the
jgi $ jei one. The idea is that we have a sequene of travelling photons: a
photon brings one of the three-level atoms into the jmi state and then the
next photon sees the two-level transition to the je
2
i state. To reprodue
this situation, we simply substitute the TM of the vauum defet with
the one ontaining the phase shift indued by a two-level atom (2.17)
desribed by its resonant frequeny !
d
and osillator strength f
d
whih
is in general dierent from f beause of the dierent dipole moment. In
the reetivity spetrum, a peak appears orresponding to the resonant
frequeny as we have seen in the previous hapter for the single atom
ase (2.25). By tuning the atomi parameters, it is possible to shift and
to hange the width of the reetion peak within the mini-band, as it is
shown in Fig. 3.10. The two-level impurity ats as a wall that abruptly
bloks the ow through the otherwise transparent medium.
3.2.3 Eet of absorption
To estimate the eet of absorption we introdue 
e
6= 0 in the expressions
of the suseptibility derived in Chapter 1. In this ase, only the nite
slabs geometry makes sense beause in the semi-innite ase polaritons
are ompletely absorbed regardless of the extintion length.
Near the Bragg frequeny there are no hanges in the reetivity spetrum
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Figure 3.10: Polariton sattering on an atomi two-level defet embedded in
an innite lattie of three-level atoms. Osillator strengths for the atomi lattie
as in Fig. 3.5. Atomi parameters for the impurity: f
d
= 0:3f , !
d
= !
eg
(solid
blak line); f
d
= 0:6f , !
d
= !
eg
(dotted blue line); f
d
= 0:6f , !
d
= (1:01)!
eg
(red dashed line).
for the number of ells studied above: this is due to the fat that we disuss
the purely exitoni regime and then Bragg frequeny is far o-resonant
and absorption is vanishingly small.
It is instead strong the eet in the resonane region: the reetivity peaks
orresponding to the gaps for the innite struture are redued depending
on the value of 
e
. Furthermore, the Fabry-Perot like fringes disappear
beause the multiple reetions at the interfaes of the struture are for-
bidden beause of absorption. The omparison between the spetra with
dierent values of 
e
is in Fig. 3.11.
For the atomi defet, it is ruial to hek the behavior of the impurity
peak: its form strongly depends on the detuning between !
d
and !
eg
; in
fat the reetion is peaked at !
d
while orresponding to Raman resonane
we have the absorption dip harateristi of EIT. In Fig. 3.12(a) we see
that if !
d
= !
eg
the entral peak is unhanged regardless the value of

e
, while in the detuned ase of Fig. 3.12(b), the impurity reetion is
strongly redued in an asymmetri way. Furthermore, as long as we raise

e
, we squeeze the absorption dip and the tails of the peak are damped.
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Figure 3.11: Eet of absorption on the reetion from defets. Case of a va-
uum defet for a slab geometry, spetrum near resonane frequeny, parameters
as in Fig. 3.5; dierent values of the exited state linewidth: 
e
= 0 (solid grey
line), 
e
= 0:01!
eg
(dashed blak line), 
e
= 0:07!
eg
(dot-dashed blue line).
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Figure 3.12: Eet of absorption of the reetion from defets. Atomi defet
for a slab geometry, spetrum near resonane frequeny; atomi parameters for
the lattie as in Fig. 3.5. The osillator strength for the atomi impurity is
f
d
= 0:6 f . (a) Resonane ases (!
d
= !
eg
): 
e
= 0:01!
eg
(solid blak line),

e
= 0:07!
eg
(dot-dashed blue line). () Detuned ases (!
d
= 1:01!
eg
): 
e
=
0:01!
eg
(dotted red line), 
e
= 0:07!
eg
(dashed green line).
Part II
Light manipulation
51
Dynami EIT
The ontrol of light pulse propagation in matter is a key element of optial
devies for fundamental siene as well as for tehnologial appliations. In
many ases, this is made diÆult by the presene of ompeting eets like
dispersion and absorption. Furthermore, the available time for manipula-
tion is limited by the very high propagation speed of light in onventional
materials.
As we have seen in Part I, by dressing the matter exitations with oher-
ent external elds, a resonant probe laser pulse an be made to propagate
aross an otherwise strongly absorbing medium at an ultraslow group ve-
loity and without being distorted. This is the Eletromagnetially Indued
Transpareny (EIT). The inoming light is oupled to a Dark Polariton
(DP) whih shows vanishing absorption and dispersion [25{27, 29℄ and
whose group veloity an be ontrolled via the intensity of the ontrol
eld [28℄.
The dynamial modulation of the ontrol eld while the pulse is propagat-
ing opens up a wide variety of possibilities for light manipulation in the
spirit of the so-alled Dynami Photoni Strutures (DPS) [33℄. For exam-
ple, by ompletely swithing o the ontrol eld, the probe light an be
halted and stored as an atomi (spin-like) exitation, and later retrieved
after a marosopi time: suh light storage tehniques [29,72{75℄ are on-
sidered as a ruial tool for all-optial information tehnologies. A periodi
dynamial modulation of a spatially homogeneous ontrol eld an lead
to intriguing phenomena suh as frequeny triggering in time of the EIT
band [76℄. A non-adiabati variation of the ontrol eld has been pro-
posed as a tool to ompensate the pulse broadening at the exit of a delay
line [77, 78℄ or after retrieval of a previously stored light wavepaket [79℄.
Extremely fast modulations of the ontrol eld have been antiipated to
produe a substantial dynamial Casimir emission [80℄.
Light trapping shemes have been proposed whih exploit a spatially mod-
ulated medium: the reation of a ontrol eld grating as well as the use of
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atoms trapped in regular periodi strutures allow the reation of tunable
stop bands within the EIT window [58, 59, 81, 82℄. Mutual interations of
moving spin oherene gratings is also an eÆient way to stop two-olor
light and to perform wavelength onversion and it has been reently ex-
perimentally realized [83, 84℄.
A ombined spatial and temporal modulation of the ontrol eld is dis-
ussed in [85{87℄ where the simultaneous propagation of both ontrol and
probe pulses is onsidered: a ramp of the ontrol eld in an otherwise ho-
mogeneous medium indues dierent propagation veloities in the dierent
parts of the probe pulse, whih then results in a ontrollable reshaping of
its prole.
Dilute ultraold gases are among the most promising media for EIT ap-
pliations. Both slow light and light storage have been experimentally
realized in this systems [30, 31℄. The rst experimental realization of EIT
in a Mott Insulator (MI) has been reently reported for light storage pur-
poses [32℄. Unfortunately, the typial size of atomi samples is often small
as ompared to the duration and waist of the probe pulse, whih imposes
strit bounds on the eÆieny of storage tehniques. Most of the theo-
retial works were so far foused on the ase of a homogeneous atomi
medium with some boundary ondition.
In Part II, we present a model that is able to inlude the spatial inhomo-
geneity of a system and therefore to desribe the propagation dynamis
at the interfae between vauum and the EIT medium. Eets of dynami
modulation in homogeneous systems are desribed. By taking advantage
of the interfaes of the medium, we show how it is possible to manipulate
the wavepaket shape by means of a dynamial modulation of the ontrol
eld intensity.
The multi-layer struture oers the possibility to spatially engineer the
radiation-matter interation by exploiting the advaned trapping teh-
niques of ultraold atoms, while waveguide tehnology supports the re-
ation of vauum dispersion regions of tunable length. In the usual pulsed
sheme in homogeneous system [85, 86℄ the manipulation sheme is lim-
ited to a single interfae, while in this ase we an gure out a wide range
of dierent strutures involving several interfaes and several layers with
dierent group veloities. As an example, the lossless swithing from a
single pulse to a train of separated pulses an be addressed. Furthermore,
the redued optial depth of eah layer allow for a more eÆient modula-
tion [75℄.
CHAPTER 4
Pulse propagation through
inhomogeneous and dynami
strutures
The desription of radiation-matter interation based on the suseptibility,
that we have used in Part I, refers to a stationary situation. If we want
to model the propagation of a light pulse through a dynami system, we
need to onsider the full evolution in time of the eletri eld oupled
to the atomi polarizations. The Optial Bloh Equations (OBE) seen in
Chapter 1 whih desribe the atomi dynamis have to be plugged into the
Maxwell's formalism: the resulting set of partial dierential equations gives
a omplete semi-lassial piture [35℄. In partiular, we fous our attention
on the Dark Polariton (DP) branh near resonane for an atomi medium
under Eletromagnetially Indued Transpareny (EIT) onditions: this
system shows the ruial properties of transpareny and slow propagation
of light needed in view of appliations for the manipulation of the light
signal.
In Setion 1, we disuss a peuliar approah to the Maxwell-Bloh (MB)
formalism whih allows the simultaneous desription of both a spatial
modulation and a time dependene of the atomi parameters and ontrol
beam intensity. The inhomogeneity of the system requires a areful refor-
mulation of the Slowly Varying Envelope Approximation (SVEA) [34℄ in
order to safely keep the terms responsible for the reetion at interfaes.
In Setion 2, we ompare the dispersion obtained from our spei MB
equations with the onventional EIT ase disussed in Chapter 3: this
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omparison is also useful in larifying the mixed nature of polaritons.
For the reetion at interfaes in the stationary situation, we reover the
Fresnel law plus some orretions whih are in general small and do not
introdue spurious eets.
In Setion 3, we disuss the propagation through a multi-layer struture
omposed by vauum regions and EIT bloks whih an be made dynami.
We analyse the simple ases of a homogeneous medium and a sharp inter-
fae between dierent layers.
Starting from the observation that the sattering of a DP pulse on a sharp
interfae, provided the pulse ts in the EIT dip, usually auses only small
reetion in both the stati and dynami ases we derive, in Setion 4,
a single eetive equation for the propagation of the eletri eld. This
equation takes into aount the eet of the atomi medium through the
polariton group veloity and the relative absorption oeÆient. It is useful
to investigate ultraslow light regimes were the MB formalism beomes
numerially too demanding to be solved.
4.1 Maxwell-Bloh formalism
We restrit our attention to a 1D geometry at normal inidene for the
probe eld. As the dierent polarizations of e.m. eld are in this ase
deoupled, the vetor nature of Maxwell's equations disappears and one
is left with a salar problem for eah omponent [39℄:


2
x
2
 
1

2

2
t
2

E(x; t) = 
0

2
t
2
P (x; t): (4.1)
Here P (x; t) is the polarization of the atomi medium (1.2). The onstants
 and 
0
are, respetively, the veloity of light in vauum and its magneti
permeability.
We onsider a laser probe pulse of the form E(x; t) = (E(x; t)e
 i!
0
t
+ ::),
where !
0
is the arrier frequeny and the pulse envelope E is assumed
to vary on a time sale muh slower than !
0
. Under this approxima-
tion, we an perform a modied Slowly Varying Envelope Approximation
(mSVEA) and neglet the seond order time-derivatives of the envelope.
Dierently from the onventional SVEA disussed in textbooks, e.g. [34℄,
all the derivatives of the eld with respet to the spatial oordinates are
retained: this feature is in fat ruial as we intend to investigate ongu-
rations involving abrupt jumps in the spatial distribution of atoms n(x).
For this reason we have not separated out the spatial part of the enve-
lope from the arrier. The same form P (x; t) = (P(z; t)e
 i!
0
t
+ ::) is
assumed for the atomi polarization. This leads to the following rewriting
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of Maxwell's equation (4.1):
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Here we have negleted the rst order derivative in time of the polariza-
tion envelope whih is proportional to seond-order time derivative of the
eletri eld [68℄.
The presene of three-level atoms is taken into aount by plugging the
optial polarization (1.2) arising from the OBE (1.23) into the Maxwell's
equation (4.2). The resulting set of MB equations is then given by
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After hoosing an appropriate normalization, the MB equations an be
ast in the more symmetri form
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2
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In partiular, we hoose the probe frequeny !
0
as the unit for frequeny,
and the same with k
0
= (!
0
=) for the wavevetor
1
. The eletri eld is
measured in terms of
E
0
=
r
n~!
0
2
0
: (4.5)
The physial meaning of this hoie is related to the energy density in the
system: the energy density assoiated to the atoms is
W
at
= n~!
0
j~
eg
j
2
; (4.6)
where we use the fat that the probe frequeny is near resonane, !
0
 !
eg
;
while the energy in the e.m. eld is [88℄
W
em
= 2
0
E
2
0
jEj
2
: (4.7)
E
0
is then the eletri eld assoiated to an exitation whih is exatly
shared between atoms in the exited state and photons: (jEj
2
= j~
eg
j
2
=
1;W
at
=W
em
). The strength of the light-matter oupling is quantied by
the adimensional osillator strength f dened in (1.19).
1
This means that we have made the following substitutions: !
0
t $ t, k
0
z $ z,

e
=!
0
$ 
e
, et.
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4.1.1 Features and limitations of mSVEA
Before proeeding, it is important to assess the features and limitations of
the mSVEA approah that we introdued in the previous subsetion. This
approximation leads in fat to equations (4.2) and (4.4) that dier from
the standard formalism used for EIT-related problems and oer important
advantages for the spei systems under onsideration here.
In the absene of atoms the mSVEA Maxwell's equation (4.2) with P = 0
gives the following approximate dispersion for the free e.m. eld
2
:

(k) =

2
k
2
+ !
2
0
2!
0
: (4.8)
On one hand, this dispersion is able to simultaneously desribe both the
forward (k > 0) and the bakward (k < 0) propagating photons. This will
be useful to handle reetivity problems without the need for a oupled
mode theory. On the other hand, the deviation from the linear dispersion
of light is responsible for a spurious wavepaket broadening. However, this
eet start to be important over propagation lengths that are muh longer
that the ones under investigation here.
At the interfae with a generi semi-innite medium of linear suseptibility
(
), the reetivity of a monohromati wave at normal inidene an
be straightforwardly alulated from (4.2) as
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) =
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(4.9)
where the mSVEA wavevetors in vauum and in the medium are respe-
tively
k =
!
0
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1 + 2
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0
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(4.10)
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0
: (4.11)
Provided the frequeny 
 is lose to the arrier !
0
, the approximate re-
etivity (4.9) is aurate up to orretions of the order (
   !
0
)=!
0
.
This ondition is well satised in an EIT medium in the frequeny region
around resonane as the light propagation is dominated by the frequeny
dispersion of the suseptibility (
).
2
In deriving the formula (4.8), we remember that the equation (4.2) gives the dis-
persion for the envelope whih is shifted by ( !
0
) with respet the dispersion of the
eletri eld
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It is important to note that at the level of the mSVEA approximation one
is allowed to replae the k
2
term in (4.8) with a generi funtion F (k) that
satises the onditions:

(k
0
) = jk
0
j; (4.12)
d

dk




k
0
= : (4.13)
This feature is of great interest when one is to numerially solve the set
of equations (4.4).
In fat, we solve the set of MB equations by means of a Finite Dierene
Time Domain (FDTD) algorithm with a 4th order Runge-Kutta sheme to
propagate the elds in time. Spatial derivatives of the elds are evaluated
in momentum spae using a Disrete Fast Fourier Transform. The ruial
issue limiting the speed of the numerial alulation is the time step of the
FDTD evolution: its maximum value is set by the width of the frequeny
band onsidered in the problem. A proper hoie of F (k) with suitable
upper and lower bounds allows to restrit this bandwidth without aeting
the physis.
In partiular, we have hosen an Erf-shaped
3
funtion whih gives the
dispersion

(k) = k
0

1 +
Erf(
p
jk   k
0
j)
2k
0

: (4.14)
The bandwidth is hosen wide enough not to introdue spurious physis
in the frequeny region of interest lose to !
0
. The hoie of a linear F (k)
at !
0
suppresses the spurious dispersion of the wavepaket that would be
otherwise introdued by the mSVEA. We have heked that the results do
not depend on the spei hoie of F (k) and remain the same if, e.g., a
linear form or the original quadrati form of F (k) are taken whih are of
ourse omputationally muh more time-onsuming.
4.2 Homogeneous system: Polariton piture
The MB formalism (4.4) shows how the eletri eld and the atomi polar-
izations interat via the laser elds. If we onsider a homogeneous atomi
medium, this interation gives rise to mixed eigenmodes for the systems:
these states are exatly the polaritons [26, 27, 29, 40℄.
3
Here we use the following denition for the Erf funtion: Erf(x) =
2
p

R
x
0
e
 y
2
dy.
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Figure 4.1: Polariton dispersion resulting from the diagonalization of the MB
formalism (4.4), (4.15). We onsider a resonant dressing and the probe ar-
rier is at Raman resonane (Æ
e
= Æ
R
= 0). Parameters of the system: osillator
strength f = 0:04, ontrol Rabi frequeny 


= 0:07!
eg
, exited state linewidth

e
= 0:01!
eg
. Panel (a): Band diagram for both positive and negative waveve-
tor; panel (): Group veloity of the polariton wavepaket (positive branh);
panel (e): Eetive linewidth for the polaritons. Panels (b), (d) and (f) ontain
the zoom near the positive DP branh respetively for (a), () and (e).
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4.2.1 Polariton dispersion
In the following we onsider the partiular ase of a resonant dressing
and probe arrier, !
0
= !
eg
, whih orresponds to the Raman resonane
ondition. From the seular equation for the matrix
0
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p
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whih is equivalent to the system (4.4) multiplied by !
eg
, we obtain the
dispersion for the model we have built up. We use the resonant frequeny
as the origin for the frequeny axis: 
 = !   !
eg
. By onsidering a linear
form for the dispersion of light in vauum, F (k) = 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, we have
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This dispersion orresponds to the linearization near the resonant fre-
queny of the general law (2.19) we used in the previous hapter:
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If we expand the dispersion near Raman resonane

(k) =


k
(k   k
eg
) +
1
2

2


k
2
(k   k
eg
)
2
; (4.18)
and we use the relations


k
=

k



 1
; (4.19)

2


k
2
=  v
3
gr

2
k


2
; (4.20)
we an derive the expressions for the group veloity (3.2) and the polariton
lifetime (3.3) for the DP near Raman resonane:
v
gr

=

1 +
f !
2
eg


2


 1
; (4.21)
(k) =

e
2
4f!
2
eg


4

1

v
3
gr
(k   1)
2
=
=

e
2
4

2

f
2
!
4
eg

2
(k   1)
2
: (4.22)
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In Fig. 4.1, we see the polariton branhes resulting from the (4.16): in the
present work, we are interested in the entral mini-band where the group
veloity of light and the absorption rate are small [see Fig. 4.1(b), Fig.
4.1(d), Fig. 4.1(f)℄.
4.2.2 Polariton struture
The diagonalization of the matrix (4.15) gives also the struture of the
polaritons in terms of eletri eld and atomi polarizations. To alulate
the omponents of the eigenvetor, we rewrite the matrix by subtrating
from the diagonal terms the dispersion F (k) and we also neglet the atomi
linewidths whih are small as ompared to resonane frequeny:
0

0
p
f!
eg
=2 0
p
f!
eg
=2 !
eg
  jkj 


=2
0 


=2 !
eg
  jkj
1
A
: (4.23)
The expliit form of the polaritons is given by [24℄
u
LP
= sinos E   sin 
eg
+ osos 
mg
; (4.24a)
u
DP
= os E   sin 
mg
; (4.24b)
u
UP
= sinsin E + os 
eg
+ ossin 
mg
: (4.24)
Here we have dened the angles
tan() =
p
f!
eg



; (4.25a)
tan(2) =
p
f!
2
eg
+ 

2

2(!
eg
  jkj)
: (4.25b)
Furthermore, for eah polariton state at a wave vetor k, the group veloity
and the lifetime are related to the relative weights of the radiation and
matter exitation omponents:
v
gr
(k) = 
jE(k)j
2
jE(k)j
2
+ j~
eg
(k)j
2
+ j~
mg
(k)j
2
; (4.26)
(k) = 
e
j~
eg
(k)j
2
jE(k)j
2
+ j~
eg
(k)j
2
+ j~
mg
(k)j
2
: (4.27)
4.3 Multi-layer system: the EIT hain
We onsider a pulse of light launhed into a layered geometry onsisting
of several atomi EIT media separated by empty regions of spae. We
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assume the atoms in the dierent EIT layers to have the same Raman
frequeny. The probe pulse arrier is taken exatly on Raman resonane
and the pulse bandwidth is assumed to t within the EIT frequeny win-
dow. The propagation of the pulse aross the system an be simulated
using the MB formalism (4.4) with spatially dependent f(x) and 


(x). A
pitorial view of the layered medium, the EIT hain, is shown in Fig. 4.2.
In the following, we distinguish two situations: the stati ase in whih
the radiation-matter parameters remain onstant during the propagation
and the dynami sheme whih is haraterized by a time perturbation
of some quantity. In partiular, we address the variation in time of the
dressing eld amplitude 


.
We point out that in all the gures representing the propagation of the
polariton, we will report only the eletri eld omponent whih is the
quantity we injet in the atomi system and we measure at the end of the
proess. It is lear that the eletri eld and the polariton are the same
thing in vauum, while there are the atomi polarization omponent in
matter.
The shaded parts in the gures orrespond to atomi media while the white
ones are the vauum regions. The pulses move from left to right, apart the
ases of reeted peaks, and the dashed lines represent the initial pulses.
In all the examples shown in the following, we have used standard values
for the some parameters: osillator strength f = 0:04 and exited state
linewidth 
e
= 10
 3
!
0
. The pulses are gaussian-shaped with temporal
length !
0

t
= 400.
Control
Probe
Transmission
        line
Figure 4.2: Pitorial sheme of a double-layer EIT hain. The diretion of the
ontrol beam is hosen orthogonal to the probe simply for larity and in general
it depends on the spei setup.
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4.3.1 Stati ase
In a stati situation, the pulse propagates aross the whole struture with
only a negligible reetion at the interfaes as it is shown in Fig. 4.3 for
the ase of a vauum defet in between two atomi EIT layers. The prop-
agation time is equal to the sum of the thikness of eah layer divided by
the relative group veloity. As usual, the ontinuity of the eletri eld
is preserved by the boundary onditions at the interfaes. As a onse-
quene of the spatial dependene in the propagation speed, the shape of
the wavepaket is modied while going from one layer to another, whih
gives rise to disontinuities in the derivative of the pulse envelope at the
interfaes: the spatial width of a pulse entering an EIT layer is in fat
shrunk by (v
gr
=) as a onsequene of the redued group veloity (see Fig.
4.4). The reversed proess takes plae when it leaves the layer.
We an desribe the same proess also in terms of the polariton piture.
In the presene of an interfae, the dierent wavevetor omponents of
the polariton wavepaket are mixed by the spatial inhomogeneity of the
system. On the other hand, as long as the system is stati, energy on-
servation imposes a mathing ondition between the wavevetors aross
the interfae. If we onsider the region around Raman resonane, the dis-
persion is linear both in vauum and in the EIT layer, yet with dierent
slopes. For a given frequeny width of the wavepaket, the wavevetor
spread, i.e. the inverse spatial width of the pulse, is then inreased by
the ratio =v
gr
when entering a EIT medium, whih reovers the intuitive
result stated above.
An important distintion has therefore to be arefully made in the no-
tation: the width of the wavepaket in the EIT layer will be denoted by

x
= (
t
v
gr
) while in vauum it will be denoted by 
x
= (
t
).
By using the lifetime of the DP (4.22), we dene two quantities that are
useful to desribe the propagation of a wavepaket through a homogeneous
EIT layer of length L. In fat, the intensity of the DP eld deays in time
as
I
DP
(
) / e
 2(
)t
= e
 L=`
abs
: (4.28)
From this relation, we obtain the absorption length
`
abs
=
v
gr
2(
)
: (4.29)
In the ase of a DP pulse we an estimate the range over whih it an prop-
agate undistorted. By using the relations for the frequeny and wavevetor
spreads 
 = 1=
t
and k = 1=
x
, we have:
`
abs
(
) =

v
gr

f!
2
eg
4
e

t


x
; (4.30)
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Figure 4.3: A DP rossing a vauum defet in between two atomi layers.
The group veloity in the atomi medium is v
gr
= 0:11. Solid lines represent
the eletri eld at the end of propagation. (a) Real spae representation. (b)
Wavevetor spae, reetion round k=k
0
=  1 with reetivity dip; in the main
peak the dashed initial pulse is overed by the solid line. Panels () and (d) show
the details of the reeted peak in both real and momentum spae. By varying
the length of the defet the result hange quantitatively but the reeted peak
is always negligible as ompared to the transmitted one.
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Figure 4.4: Propagation aross a stati interfae. Solid line: pulse shape while
being spatially ompressed in entering into a medium with v
gr
= 0:11 . Dotted
line: pulse shape one ompletely entered.
For a pulse going through an atomi samples, we obtain a gaussian trans-
mittivity window in frequeny:
T (!) = e
 

2
=!
2
Tr
: (4.31)
where the width of the window is
!
Tr
=
1
2
r
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2
eg

e
; (4.32)
Provided the pulse ts the EIT reetivity (3.7) and absorption (4.32) dip
in eah layer and provided the start and end layers onsist of the same
medium, the pulse duration and shape remain unhanged at the end of
the propagation proess. In more pitorial terms, the Raman point on the
DP branh allows for a good impedane mathing between the dierent
regions of spae: it ats as the link along the EIT hain.
4.3.2 Dynami ase
As shown in (4.21) and (4.26), the variation of the dressing laser intensity
that aets the group veloity also tunes the eletri eld amplitude of the
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probe pulse: the more photoni the polariton, the faster it is. The modula-
tion of this external parameter oers a straightforward way to dynamially
at on the EIT hain.
The ombined hange of group veloity and eletri eld suggests a variety
of possible geometries depending on the desired appliation; for example,
if we are thinking to a tunable delay line [89℄, we will be more interested in
modifying the group veloity without aeting the shape. Instead, we will
onsider the spatial dependene of the ontrol eld in order to reshape the
pulse [90℄ to go beyond the limiting dimensions and proles of wavepakets
obtained with standard tehniques.
For this reason, while disussing the eet of ontrol eld modulation, two
ases will be distinguished: the homogeneous layer, when the pulse is om-
pletely ontained in a single EIT slie during the whole time-modulation
sequene, and the interfae, when the modulation takes plae while the
pulse is instead overlapping two neighboring layers. The latter proess is
always feasible, while the former depends on the ratio between the length
of the pulse in the medium and the thikness of the involved EIT layers.
All the possible geometries related to the EIT hain an be derived from
these two basi situations as it will be shown in the next hapter. For the
examples of dynami modulation shown here, the ramp time is xed at
!
0
 = 100.
Homogeneous Layer
When the whole pulse ts into the EIT medium, the dynamis is easily
understood within the polariton piture disussed above and it is har-
aterized by the wavevetor onservation. A time-dependent perturbation
with ramp time  of the dressing eld indues an evolution in the polariton
wavefuntion and group veloity by hanging the weights of radiation and
matter omponents [26, 27, 29℄ as it is lear from (4.24). For eah value
of k, this evolution results in a nite transition rate from the DP to the
UP and LP: we will disuss in the next hapter this proess in detail. In
general, the matrix element of the oupling goes as the time derivative of
the perturbation and an be negleted as long as the proess is adiabati,
i.e. slow as ompared to the inverse of the splitting between the dierent
bands [91{94℄. Then we expet that provided
p
f!
eg
  1; (4.33)
a polariton injeted on the DP branh will spend all its lifetime on this
branh. In partiular, the dynamial modulation of the frequeny spetrum
ensures that if the pulse fullls the EIT ondition at the entrane time,
then it will fulll it at all later times [33℄.
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Figure 4.5: Wavepaket propagation in a dynami homogeneous EIT layer.
Dotted line: propagation without modulation. Solid line: result of a slow down
ramp v
f
gr
= v
i
gr
=2. Dot-dashed line: result of a speed up ramp v
f
gr
= 1:8 v
i
gr
.
We onsider a generi variation in the group veloity from the initial value
v
i
gr
to the nal one v
f
gr
. The resulting pulse shape does not depend on
the funtional form of the veloity variation. The spatial shape of the
pulse is xed by the initial distribution in the wavevetor spae (k)
and is not modied. The peak eletri eld intensity is instead multiplied
by (v
f
gr
=v
i
gr
) aording to (4.26). In the ase in whih the group veloity
modulation is brought bak to the initial value (v
f
gr
= v
i
gr
), the pulse
emerges with an unhanged prole: as a result, the layer an be onsidered
as a very ompat, yet programmable delay line. Examples of modulations
are illustrated in Fig. 4.5.
Interfae
A dynamial modulation taking plae while the pulse overlaps an interfae
provides a simple way of reshaping the pulse: only the part of the pulse
whih is loated inside the EIT layer is in fat aeted by the modulation
of the dressing eld. In ontrast to the the spatially homogeneous ase
onsidered above, the shape of the emerging pulse now strongly depends
on the details of the modulation ramp even in the adiabati limit. This
ruial fat is illustrated in Fig. 4.6: the group veloity of a EIT medium
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is redued while a pulse is exiting into vauum.
The results an be understood by isolating three portions of the pulse: the
rst part is already in vauum when the modulation begins, while the last
part is still in the EIT medium when the modulation is ompleted. The
rst part is therefore not aeted by the modulation, while the eletri eld
amplitude of the third part is homogeneously lowered. When this part of
the pulse eventually exits into vauum, its spatial length is strethed out
even more than the rst part by a fator v
i
gr
=v
f
gr
. As learly visible in the
gure, this results into a strongly asymmetri pulse shape.
Finally, the modiation of the entral part of the pulse depends in a non-
trivial way on the details of the ramp. For a fast [but still adiabati as
ompared to the interband splitting, aording to (4.33)℄ modulation, the
rst and third parts of the pulse are onneted by a sharp jump in the ele-
tri eld amplitude. For slower ramps, this jump is replaed by a smooth
rossover. Details about this proess in more ompliated strutures and
appliations to realisti experimental situations will be disussed in the
next hapter.
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Figure 4.6: A DP pulse exiting from a EIT medium into vauum, v
i
gr
= 0:11 .
Dotted line: propagation without modulation. Solid line: result of a slow down
ramp v
f
gr
= v
i
gr
=2.
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4.4 Polariton flow: effetive desription
The MB formalism (4.4) gives a omplete piture of the pulse propagation
whih is able to take into aount inter-band transitions
4
as well as ree-
tion at the interfaes. In fat, as we see in Fig. 4.1(a), we onsider the three
polariton branhes for both positive and negative wavevetors. As the so-
lution of the three oupled equations is time- and memory-onsuming, it
quikly beomes unfeasible for growing values of the veloity mismath
between the dierent media.
For this reason, an eetive approah able to investigate the ultraslow
light regime an be of great interest. Starting from the dispersion of the
DP branh, we have written a single equation for the eletri eld inten-
sity. The ruial feature of this eetive model is that it is able to inlude
the eet of both absorption and spatial inhomogeneity of the struture.
With the derivation of this equation, we have a omplete formalism to an-
alyze the propagation of a DP pulse through inhomogeneous and dynami
strutures: the MB equations apture the essential physis in relation to
spei geometry and modulation of the parameters while the eetive
equation allows to test the eet of the developed tehniques using realis-
ti values.
4.4.1 Continuity equation
From the MB formalism, we have seen that the dynami modulation of
the pulse does not result into an inreased reetion as ompared to the
stati ase and transmittivity is very good as long as the pulse ts in the
EIT transmission window. The features that were observed in the solution
of the MB equations in the absene of absorption suggest that the system
an be desribed by means of a ontinuity equation for the polariton ow
both in the homogeneous system ase and in presene of interfaes.
In terms of the polariton density n
p
(x; t), the ontinuity equation reads

t
n
p
(x; t) +

x
(n
p
(x; t)v
gr
(x; t)) = 0: (4.34)
Physially, this equation means that the total number of polaritons is
onserved. It is useful to rewrite this equation in terms of the eletri eld
intensity I = jEj
2
orresponding to the polariton ux n
p
v
gr
[see (4.26)℄
instead of the polariton density.
For stati inhomogeneous geometries with abrupt hanges in the polari-
ton veloity, the polariton density shows in fat disontinuities while the
4
For a detailed disussion see next hapter.
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eletri eld remains everywhere ontinuous, even at the interfaes. In the
stati situation (v
gr
(x; t) = v
0
gr
(x)), the initial loal polariton ux (i.e.
eletri eld in eah point) remains onstant and propagates following the
veloity eld v
0
gr
(x).
Taking into aount (4.26), Eq.(4.34) then beomes
I
t
+ v
gr
I
x
=  
I
v
gr
v
gr
t
: (4.35)
The LHS of the equation ontains the propagation terms for the stati
situation. The general solution is a mixed translation and dilation of the
starting pulse I
0
(x) aording to the trajetories in spae-time whih are
solution of the Cauhy problem: (
_
 = v
gr
(); (t) = x) [26, 29, 85℄. The
spei solution learly depends on the geometry. The RHS of (4.35) is
instead responsible for the amplitude variation in the dynami ase.
4.4.2 Analyti solutions for the interfae geometry
We onsider a semi-innite geometry with the left half-spae made of a
homogeneous EIT medium and the right half-spae of vauum; the veloity
grid is dened by
v
gr
(x; t) = v(t)( x) + (x); (4.36)
where we take into aount the possibility of a time perturbation of the
group veloity in the EIT medium. We onsider a positive veloity v(t) >
0, so that the eletri eld moves from left to right. If we assume an initial
eletri eld intensity distribution I
0
(x), the analyti solution of (4.35) in
this geometry is
I(x; t) =
8
>
>
>
<
>
>
>
>
:
I
0
 
x  I
t
0

v(t)
v(0)
; x < 0
I
0

 I
t x=
0

v(t  x=)
v(0)
; 0 < x < t
I
0
(x  t) ; x > t
(4.37)
Here we have dened
I
b
a
=
Z
b
a
v(t
0
)dt
0
: (4.38)
This expression allows to study both the homogeneous ase and the inter-
fae geometry and both the dynami and the stati ase. In fat, depending
on the initial distribution of the eletri eld and the time at whih we
look the solution we an address the dierent situations. Beause the ele-
tri eld moves from left to right, the three dierent parts that ompose
the solution are divided in a simple way: the rst part ontains the points
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whih are still in the atomi medium at the observation time, the seond
part takes the points whih ross the interfae during the proess while in
the third part there are the points whih started in vauum. In Fig. 4.7
we ompare the solutions of MB formalism (4.4) with those of the onti-
nuity equation (4.39) in the ase of a stati and a dynami interfae. The
agreement is very good.
4.4.3 Eet of losses
Even if the arrier frequeny !
0
sits exatly on Raman resonane, nite
time duration of the wavepaket requires inluding absorption for the tails
of the wavevetor spetrum [86,95℄. This leads to a nite and momentum-
dependent deay rate for the polaritons aording to (4.27). Taking inspi-
ration from the approximated form (4.22) of the deay rate [68℄, a simple
diusion term an be used to model the broadening oming from losses.
The propagation equation (4.35) for the intensity I then beomes
I
t
+ v
gr
I
x
=  
I
v
gr
v
gr
t
+

x
D
I
x
; (4.39)
where
D = i

d
2
!
dk
2

Æ
R
=0
= v
gr
4
e
f

!
2
eg
(4.40)
is the diusion oeÆient. We will see the ruial ontribution of this term
in the next hapter. It is worth notiing that this equation is only useful as
an eetive model: in fat to atually take into aount losses it is ruial
to use the omplete equation for the dark polariton eld instead of its
intensity [29℄.
We solve equation (4.39) by means of a Runge-Kutta algorithm in the
time domain exploiting a spatial grid shaped on the group veloity of eah
layer: in this way, the numerial solution of the propagation is muh faster
than the one of the three MB oupled equations. In partiular, it is able
to explore regimes where v
gr
= 1.
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Figure 4.7: Comparison between the numerial solutions of MB equations
(solid, blue line) and the analytial result of the ontinuity equation (4.35) for
the polariton ow (dash-dotted, blak line) for the interfae geometry both in
the stati and dynami ase. The parameters are the same as the ases analyzed
above.
CHAPTER 5
EIT-based Dynami Photoni
Strutures with atoms
The outstanding properties of oherent optial media supporting Eletro-
magnetially Indued Transpareny (EIT) seen in Chapters 3 and 4 suggest
that suh kind of systems are an eÆient environment to perform dynami
modulations of light pulses. Dynami photoni strutures (DPS) [33℄ are
attrating an inreasing interest in view of optial information proessing,
and ultraold samples oers a sort of proteted environment where the dif-
ferent tehniques an be tested. The present Chapter is devoted to study
the eets and the engineering possibility of a dynami manipulation of a
slowly propagating polariton in ultraold atomi EIT samples.
In Setion 1, we test the appliation of adiabati transition theory [91℄
to the Maxwell-Bloh (MB) formalism developed in the previous hapter
in analogy with the evolution of the Shrodinger's equation. The goal is
the study of the time-dependent oupling rate indued between the Dark
Polariton (DP) and the other bands (LP and UP). We nd interesting
results at Raman resonane about the general behavior of this oupling
depending whether the shape of the time-dependent modulation of the
ontrol eld is analyti or not. In partiular, we show that for an Erf-
shaped perturbation an intermediate regime is found before the expeted
exponential deay of the asymptoti oupling with the interation time
takes plae. On the other hand a sinusoidal modulation of the ontrol
eld indues quite a umbersome osillating behavior in the oupling. In
both ases adiabati transition theory well applies also for short interation
times.
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In Setion 2, we propose a Photon Energy Lifter sheme [37℄ for a homo-
geneous EIT ultraold gas. The idea is to adiabatially raise the resonant
atomi frequeny after the injetion of a DP inside the system. The ex-
itation is then stuk to the Raman resonane and then the hange in
the atomi frequeny eventually results in a wavelength onversion of the
extrated pulse. Experimental issues are disussed by omparing the prop-
erties of dierent old samples routinely obtained in laboratory.
Setion 3 ontains a detailed disussions about the results of a modula-
tion of the ontrol eld amplitude in the multi-layer EIT hain introdued
in the Chapter 4. The reshaping of the eletri eld in the linear opti-
al regime an be regarded as a quantum wavepaket manipulation sine
Maxwell's equations are reovered from the quantum mehanial treat-
ment of light in the limit of low intensity. The use of inhomogeneous
geometries oers an original ontribution in the growing eld of DPS. Re-
alisti values for the atomi samples are used within alulations arried
out with the eetive equation (4.39).
5.1 Inter-band oupling
We onsider a homogeneous EIT medium and a polariton wavepaket
whih is propagating aross it. We want to study the eet of a variation in
time of the dressing amplitude 


that is performed in a homogeneous way.
The advantage of suh a onguration is that the dierent k-omponent
of the signal do not mix during the proess and then the problem an be
solved for the plane wave ase.
We observe that the set of MB equations with the mSVEA (4.4) has
the same struture as a Shrodinger's equation for a three-omponent
wavefuntion  whih is expanded in terms of the basis (E ; ~
em
; ~
eg
). If
we neglet absorption, the Hamiltonian for the evolution of the system is
represented by the matrix (4.23), whih at Raman resonane reads
H(t) =
0

0 0
p
f!
eg
=2
p
f!
eg
=2 0  


(t)=2
0  


(t)=2 0
1
A
: (5.1)
It is useful to rewrite the Shrodinger's equation in the polariton basis
(UP;DP; LP ),
i

t
~
 (t) =

~
H(t) + i
_
RR
 1
(t)

~
 (t); (5.2)
where R(t) is the matrix whih turns the radiation-matter piture into
the polariton one:
~
 (t) = R(t) (t). By looking at (4.24), we immediately
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see that
R(t) =
0

sin os  sin os os
os 0  sin
sin sin os os sin
1
A
: (5.3)
The operator
~
H = RHR
 1
is the Hamiltonian (5.1) whih is diagonal in
the polariton basis while the other term,
_
RR
 1
, derives from the rotation
in the Hilbert spae of the instantaneous eigenstates (i.e. the polaritons).
5.1.1 Adiabati Transition Theory
We onsider a smooth perturbation of the Hamiltonian: if the system is
initially prepared in an eigenstate, it will follow the evolution in time of
the relative eigenvetor performing a so alled adiabati transition [91℄.
Furthermore beause the eigenstates of the Hamiltonian evolve in time
we expet a nite oupling rate among them. The adiabati following is
driven by the rst term on the RHS of equation (5.2) while the seond
term ouples the dierent instantaneous eigenstates. If we dene a har-
ateristi time sale  for the variation of the Hamiltonian and ! is the
energy gap between a spei ouple of instantaneous eigenstates, the in-
tuitive ondition for the adiabatiity with respet to the hosen transition
is !  1. An exponential deay with the inrease of  in a two-level
system is in general expeted [96℄.
If the system is, at the starting time t
0
, in the eigenstate jl
1
i (t
0
) of the
Hamiltonian
~
H(t
0
), it turns out that the rst order in perturbation theory
for the amplitude of transition between the evolved eigenstate jl
1
i (T ) and
another instantaneous eigenstate jl
2
i (T ) of
~
H(T ) is [91℄
p
l
1
!l
2
(T ) =




Z
T
t
0
dt 
l
1
l
2
(t) exp

i
Z
t
t
0
!
l
2
l
1
(t
0
)dt
0





2
; (5.4)
where

l
1
l
2
(t) =
t
hl
2
j

d
dt
jl
1
i
t

(5.5)
is the projetion of the evolution of jl
1
i (t) on jl
2
i (t), while !
l
1
l
2
is the
frequeny of the transition between the states. The  terms are exatly the
elements of the oupling matrix
_
RR
 1
(t). If we assume onstant values
for 
l
1
l
2
(t) and !
l
1
l
2
(t) orresponding to respetively the maximum and
minimum of the two quantities and we substitute them into the integral
(5.4), the fat that the oupling has to be small gives an adiabati riterion
that goes beyond the intuitive ondition (4.33) stated in Chapter 4:





max
l
1
l
2
!
min
l
2
l
1




 1: (5.6)
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In the ase of the atomi Hamiltonian (5.1), by using the expression (5.3)
and the denitions (4.24), (4.25) we obtain the matrix for the hange of
basis:
R =
1
p
2
0

sin  1 os
p
2 os 0  
p
2 sin
sin 1 os
1
A
; (5.7)
where we have exploited  = =4. Beause of the unitarity of R, it is easy
to write its inverse R
 1
and then we have the oupling matrix:
_
RR
 1
=
0

0 (1=
p
2)
_
 0
 (1=
p
2)
_
 0  (1=
p
2)
_

0 (1=
p
2)
_
 0
1
A
: (5.8)
It depends only on the ratio between the Rabi splitting and the ontrol
eld intensity:
_
 =

1 +
f !
2
eg


2


 1

 
p
f !
eg


2


d


dt
=  
p
f !
eg
f !
2
eg
+ 

2

d


dt
: (5.9)
Consequently the integral (5.4) beomes
p

(T ) =




1
p
2
Z
T
t
0
dt
p
f !
eg


2
(t)
d


(t)
dt
exp

i
Z
t
t
0

(t
0
)
2
dt
0





2
(5.10)
where p

(T ) = p
DP!UP;LP
and 

2
(t) = f !
2
eg
+ 

2

(t). In the slow light
ase
p
f!
eg
 


, the ondition for adiabatiity (5.6) requires
1
f !
2
eg




d


(t)
dt




 1: (5.11)
It is important to hek the validity of this alulation of the eetive
oupling within the MB formalism. In fat, it provides a good expression
to estimate the loss of signal in the spei dynami strutures we are
dealing with, due to inter-band oupling.
Two spei ases of adiabati perturbations are to be onsidered in the
following: the rst one is an Erf-shaped variation of the dressing eld inten-
sity while in the other ase we have a sinusoidal tuning. These urves are
representative of two dierent lasses; in fat, the main dierene among
them is the behavior of the derivatives: the rst funtion is analyti, while
the latter one has disontinuities in the seond order derivatives at the
boundaries of the variation. In the next subsetions, it is illustrated a
omparison between the results oming from the numerial simulation of
the MB equations, with analytial results of the integral (5.10) for dier-
ent ases. The simulations are arried out for polariton plane waves sitting
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at Raman resonane. We investigate the asymptoti oupling p
1
whih is
the transition rate for large T and the behavior of the peak p
max
. For both
of them, we alulate the dependene on the time sale of the perturbation
 for dierent values of the osillator strength f . In general, we onsider
p
f!
eg
 


.
5.1.2 Analyti Perturbation: Erf shape
We rst onsider a variation in time of 


whih has the form:



(t) = 

;0
  Æ



1 + Erf

t


; (5.12a)
d


(t)
dt
=  
Æ



2
p

e
 (t=)
2
: (5.12b)
For the spei ase, it is lear that t
0
!  1.
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Figure 5.1: Example of result from the simulation of MB equations performed
by using a plane wave input: derivative of the ramp for 


(t) (solid red line)
and relative evolution of the oupling outside the DP (blue dots) are shown.
An Erf-shaped ramp of 


is onsidered.
By applying the ondition (5.6) to the present situation, for the proess
to be adiabati it must hold





2
r
2

Æ


p
f !
eg
1
p
f !
eg






 1: (5.13)
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It is interesting to note that while the last fration on the LHS expresses
the intuitive ondition on the ratio between the rate of hange and the en-
ergy spaing, the omplete formula also ontains another fration whih is
muh smaller than 1 in the regime under investigation here and it extends
the validity of the adiabatiity approximation for smaller  . By using the
oupling integral (5.10) and the expressions for the spei ase (5.12),
we rst introdue the rough approximation 
(t)!
p
f!
eg
whih leaves in
the integrand a gaussian funtion and an osillating term:
p(T ) 





r
2

Æ


p
f!
eg

Z
T
 1
dte
 (t=)
2
e
i
p
f!
eg
t=2





2
: (5.14)
By using the general result [97℄
Z
+1
0
dt e
 (at
2
+2bt+)
=
1
2
r

a
e
b
2
 a
a
Erf

b
p
a

; (5.15)
we obtain
p(T ) 




 
Æ


p
2f!
eg
e
 (f !
2
eg

2
=16)
Erf

 
T

+ i
p
f !
eg

4

e
i(T;f;)




2
:
(5.16)
where  is a real funtion, and thus the last term beomes unity after
taking the absolute value.
Asymptoti Coupling
The expression (5.16) is qualitatively in agreement with the results oming
from the simulations [see e.g. Fig. 5.1℄. For xed  and f , the funtion
Erf(z) = 1  Erf(z) of the omplex variable z vanishes for
Re [z℄ _  T !1; (5.17)
while it goes to the onstant value 2 in the opposite limit:
Re [z℄ _  T !  1: (5.18)
This behavior orresponds with the asymptoti values for the oupling:
for T !  1 it vanishes beause it is the beginning of the proess, while
for T ! +1 the transition rate beomes stationary beause d


=dt! 0.
The formula (5.16) suggests a gaussian deay for the asymptoti oupling
p
1
depending on  . As shown in Fig. 5.2, this approximation holds only
for small  while for larger values of the time sale of the perturbation the
deay is smoother. It is interesting within the present analysis to disrim-
inate between an exponential and a gaussian deay. By using numerial
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Figure 5.2: Behavior of the asymptoti oupling p
1
depending on  for dif-
ferent values of the osillator strength f : (a) f = 0:04, (b) f = 0:4. The ontrol
Rabi frequeny is xed as 

;0
=!
eg
= 0:04 with a variation Æ


=!
eg
= 0:01.
Comparison between the data oming from the MB simulation (blue dots) and
the gaussian deay extrated from (5.16) (green urve). log p
1
is plotted and
the dashed line indiates the limiting preision of the simulations. In panel (a) is
learly visible the rossover between a gaussian and an exponential deay; this
latter is tted (yan dashed line) and the exponent is approximately
p
f!
eg
 .
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evaluations of the omplete oupling integral (5.10) it turns out that a
good approximation onsists in replaing
p

(t) !
p
f!
eg
in the expo-
nent of the osillating term while retaining the whole 
(t) in the frational
term.
For T !1, the integral orresponds to the Fourier Transform of a prod-
ut: the Gaussian derivative of the perturbation times the inverse of 

2
(t).
To further simplify the expression, we expand the denominator of the fra-
tional term and we separate the dierent orders: up to rst order in 

2

=f ,
the integrand is
I(t) 
r
2

1

Æ


p
f !
eg
 
1 
(

;0
  Æ


)
2
f !
2
eg
+
+2
Æ


(

;0
  Æ


)
2f !
2
eg
Erf

t


+
 
Æ

2

f !
2
eg
Erf
2

t


+O



4

f
2
!
4
eg

e
 (t=)
2
e
i
p
f !
eg
t=2
: (5.19)
The rst and seond terms are onstant and give only a negligible or-
retion to the onstant oeÆient in front of the gaussian deay already
present in (5.16).
The other terms are more ompliated: the presene of the gaussian fun-
tion allows to solve the orresponding integrals as salar produts in a
gaussian metri. It is then neessary to expand the funtions in terms of
Hermite Polynomials [97℄, whih are the basis of the gaussian metri.
By using this method, the Fourier transform of the third term in braket
[seond line of (5.19)℄ multiplied for the gaussian funtion results
A
Z
1
 1
Erf

t


sin

p
f
2
!
eg
t

e
 (t=)
2
dt =
= A
p
( i)Erf

i
p
f !
eg

4
p
2

e
 (f !
2
eg

2
=16)
: (5.20)
where A ontains the oeÆients in front of the funtions to be integrated.
The asymptoti expansion of this expression for large values of  is given
by
A 2
p
2
2
p
f
e
 (f !
2
eg

2
=32)

1 +
16
f !
2
eg

2
+
768
f
2
!
4
eg

4
+ :::::

(5.21)
The results (5.16) and (5.21) show that at the lowest orders the deay of
the oupling with  has a gaussian shape, but with an exponent whih
hanges from term to term. In Fig. 5.3 it is shown also the ontribution
oming from the Erf
2
term in (5.19). In Fig. 5.2(a), a t is depited whih
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Figure 5.3: Eet of the dierent terms in the rst-order approximation of
the integrand (5.19) for the asymptoti oupling p
1
: omplete integrand (blak
irles), terms with simple gaussian deay (red dots), Erf term (green stars),
Erf
2
term (blue squares). Values as in Fig. 5.2(a).
suggests the fat that an exponential deay may be the result of the sum of
this several gaussian terms: it is interesting to note the rossover between
the two regimes. In the ase shown in Fig. 5.2(b) the region of exponential
deay is not reahed within the auray of the simulations while the
gaussian regime is learly visible.
Coupling peak
By looking at (5.16), we observe that the modulus of Erf(z) has a peak
in the region Re [z℄  0. The exat position of the peak depends on the
value of  : for  ! 0
+
and  ! +1, it moves towards T = 0. Thus, for
large values of  , it an be approximated by
p(0) =
 
r
2

Æ


p
f!
eg
!
2






e
 (f !
2
eg

2
=16)
0

p

2
 
Z
i
p
f !
eg

4
0
dz e
 z
2
1
A






2
=
!1

 
r
2

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p
f !
eg
!
2


4
e
 (f !
2
eg

2
=16)
+
4
f !
2
eg

2

 p
max
: (5.22)
where the seond term omes from the asymptoti expansion of the Daw-
son's integral [97℄ and it gives the leading order in the deay. In Fig. 5.4
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Figure 5.4: Behavior of the oupling peak p
max
depending on  for dierent
values of f . Comparison between the data oming from the MB simulation (blue
dots), the numerial evaluation of the maximum of the expression (5.16) (red
dashed line) and the analytial expansion for large  (5.22) (green solid line).
The relation is linearized by plotting 1=
p
p
max
. Same values as in Fig. 5.2.
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there is the omparison between this analyti evaluation and the data
oming from the simulation whih shows a good agreement.
5.1.3 Non-analyti Perturbation: Sin
2
shape
After the investigation of an analyti form for the perturbation, we analyse
the ase of a ramp whih has a disontinuity in the seond derivative:



(t) =
8
<
:


;0
t < 0


;0
+ Æ


sin
2
 
t

8

0 < t < 4


;0
+ Æ


t > 4
(5.23a)
d


(t)
dt
=
8
<
:
0 t < 0

8
Æ


sin
 
t

4

0 < t < 4
0 t > 4
(5.23b)
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Figure 5.5: Example of result from the simulation of MB equations performed
by using a plane wave input: derivative of the ramp for 


(t) (red solid line)
and relative evolution of the oupling outside the DP (blue dots) are shown. A
sinusoidal ramp of 


is onsidered.
The adiabatiity ondition (5.6) takes the form





4
p
2
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p
f !
eg
1
p
f !
eg





 1; (5.24)
whih diers from (5.13) just for a numerial oeÆient. Performing the
approximation 
(t)!
p
f!
eg
as before, the integral (5.10) is analytially
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solved
p(T ) =

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2
p
2
Æ
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1
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:(5.25)
Asymptoti oupling
By the replaement T = 4 , the integral (5.25) shows an osillatory be-
havior with and algebrai deay:
p
1
=
 
p
2
8
Æ


p
f !
eg
(=)
2
f !
2
eg
  [=(2)℄
2
!
2
4 os
2

p
f !
eg


; (5.26)
that is proportional to 1=
4
.
The drasti hange in the deay of the asymptoti oupling with respet to
the Erf ase is diretly related with the jump in the seond order derivative
of 


(t) at the boundaries of the sinusoidal ramp whih is lear from Fig.
5.5. The asymptoti oupling p
1
is the square modulus of the Fourier
Transform evaluated at ! =
p
f!
eg
=2 of a funtion whih is in a good
approximation the derivative of the perturbation. The funtion (5.23b)
has a jump in its own rst derivative. The paradigm of a funtion whih
has a jump is the Heavyside step funtion: its Fourier Transform shows a
1=! deay. It is also a straightforward property of the Fourier Transform
that, given a funtion g and its derivative g
0
: F(g
0
) _ i!F(g). By applying
a dimensional argument, it is then lear that
p
1
_ 1=(
p
f!
eg
)
4
: (5.27)
In Fig. 5.6, the analytial result (5.26) is ompared to the values obtained
with the MB simulations. The agreement is very good for both the osil-
latory and deay behavior.
Coupling peak
For  !1, the oupling peak p
max
is loated at T = 2 whih orresponds
with the maximum rate of variation of the perturbation and it deays as
p
max

 

p
2
8
Æ


p
f !
eg
!
2

2
p
f !
eg


2
; (5.28)
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Figure 5.6: Behavior of the asymptoti oupling p
1
depending on  for dif-
ferent values of the osillator strength f : (a) f = 0:04, (b) f = 0:4. The ontrol
Rabi frequeny is xed as 

;0
=!
eg
= 0:04 with a variation Æ


=!
eg
= 0:01.
Comparison between the data oming from the MB simulation (blue dots) and
the analytial expression (5.26) (green line).
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Figure 5.7: Behavior of the oupling peak p
max
depending on  for dierent
values of f . Comparison between the data oming from the MB simulation (blue
irles), the 1=
2
dependene for large  (green solid urve) and the numerial
evaluation of the peak of (5.25) (red dashed line). Values as in Fig. 5.6. In Panel
(a), the error bars for long  values derive from the osillatory behavior of the
oupling.
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whih has the same dependene as for the Erf perturbation.
By looking at the ondition (5.6) and its appliations to the ases under
investigation [(5.13) and (5.24)℄, it is evident the origin of the general
behavior found in (5.22) and (5.28): the oupling peak orresponds to the
maximum rate of hange of the perturbation, i.e. the steepest part of the
ramp. The fat that  is the time sale of the perturbation means exatly
that the derivative of 


(t) has a 1= dependene whih goes squared into
the oupling peak value.
Adiabati transition theory appears as a very useful tool to investigate the
inter-band oupling within MB dynami formalism. Although this treat-
ment neglet the role of absorption and the multi-level nature of the sys-
tem [92,93℄, a very good agreement is shown between analytial results and
simulations. In partiular the ross-over between a gaussian and an expo-
nential deay of the asymptoti oupling in the analyti perturbation ase
is found whih goes beyond standard results. Furthermore, non-analytial
perturbations show an algebrai deay as a result of disontinuities in the
temporal derivatives. The understanding of the Fourier Transform meh-
anism at the basis of the integral (5.4) suggest the possibility to quenh
the inter-band oupling also at fast modulation rate by using an ad ho
tailored perturbation of the ontrol beam.
5.2 Photon Energy Lifter
Obtaining a oherent and widely tunable frequeny onversion of an opti-
al signal is a entral task in optial teleommuniations [98℄. Several teh-
niques have been developed during the years to perform this operation,
but most of them suer from signiant limitations in their appliation
range, or are disturbed by spurious eets.
The basi idea of the photon energy lifter onsists in the adiabati shift of
the polaritoni band on whih a photon is injeted. If the shift is operated
in a spatially homogeneous way then beause of wavevetor onservation
the energy of the propagating exitation is simultaneously lifted: when the
polariton leaves the sample, it is reonverted to a photon with a dierent
olors.
This was originally proposed for solid-state photoni strutures [37℄ and
experimentally demonstrated by ultrafast tuning of a solid-state miro-
avity [99℄, but it is interesting to explore the potential of old atom sys-
tems to this purpose: the very long optial oherene time of ultraold
samples [32, 100℄ and the easy tunability by external eletri or magneti
elds makes them very promising for this kind of appliations. Reently,
similar frequeny-mathing eets were observed experimentally in hot
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atomi vapor [101℄.
5.2.1 Proposed sheme
As a spei example, we shall onsider in what follows a system of Ru-
bidium (
87
Rb) atoms. The optial properties are varied by means of an
external magneti eld (taken as perpendiular to the probe propagation
axis) whih shifts the atomi levels via the Zeeman eet [102℄.
We onentrate on theD
2
transition at a frequeny !
eg
= 2 384THz [103℄.
As we are interested in substantial shifts, we fous our attention in the
high eld regime (B > 5 10
3
G) where the atomi nuleus is deoupled
from the eletroni degrees of freedom, and the energy shift mostly omes
from the eletroni total angular momentum only: E = 
B
g
J
J
z
B
z
, where

B
is the Bohr magneton, g
J
is the Lande fator of the onsidered level
and J
z
is the z omponent of the total angular momentum of the ele-
tron. We use the jJ = 1=2; J
z
= 1=2i sublevels of the 5
2
S
1=2
eletroni
ground state as respetively ground jgi and metastable jmi states, and
the jJ = 3=2; J
z
= 1=2i sublevel of the 5
2
P
3=2
eletroni exited state as
exited jei state. The orresponding Lande fators are g
J=1=2
= 2 and
g
J=3=2
= 4=3. The nuleus is not aeted by the optial proess and main-
tains the same polarization it had in the initial state: in the absolute
atomi ground state, the nulear spin is e.g. polarized antiparallel to the
eletron spin of the jJ = 1=2; J
z
=  1=2i state.
A linear polarization is used for the dressing light beam that ouples the
jmi and the jei states, and a irular (
+
) one is used to probe the po-
lariton dispersion on the jgi ! jei transition. Using tabulated values for
the eletri dipole moment of the D
2
transition and assuming an atomi
density n  10
14
m
 3
, the radiation-matter oupling (1.19) for the system
under onsideration is of the order of
p
f  10
 4
.
To maximize the available time to perform the lifter operation, it is useful
to have a very slow group veloity, whih in turns requires a small dressing
amplitude. In the following, we shall hoose 


=!
eg
= 10
 7
. This value



 2 38MHz orresponds to 5 times the radiative linewidth of the D
line of Rb atoms.
The dressing frequeny is hosen in a way to have Æ

= 0 at the initial
value B
in
of the magneti eld: the orresponding polariton dispersion is
the one shown in Fig. 5.8(a). The light pulse is injeted into the system
in proximity of the resonant point k = k
eg
, where the interfae reetivity
goes to zero, and injetion is most eetive [see the irle in Fig. 5.8()℄:
the width of this dip results from (3.7) to be of the order of 2 10
 8
!
eg
and the group veloity (3.2) is v
gr
=  7 10
 8
, i.e. v
gr
 20m/s.
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The magneti eld variation is performed while the light pulse to be shifted
is ompletely ontained in the lattie and it is propagating through an
eetively bulk system. As the magneti eld is varied in a spatially ho-
mogeneous way, the Bloh wave vetor is onserved during the proess. If
the eld variation is slow enough as ompared to the frequeny dierene
of neighbouring bands, the polaritons will adiabatially follow the band
and their frequeny at the end of the proess will be aordingly shifted
[see the irle in Fig. 5.8(b)℄.
As an example, we propose to tune the magneti eld from 1 up to 2T: this
results in the metastable and exited states being shifted by respetively
(Æ
m
  Æ
g
)=!
eg
= 7:3 10
 5
and (Æ
e
  Æ
g
)=!
eg
= 6:1 10
 5
with respet to
the ground state. For light initially injeted in proximity of !
eg
, the shift
of the photon frequeny results approximately equal to Æ
m
, whih amounts
to the quite sizeable value 14GHz=T. As the lifter operation is based on
an adiabati shift of the polariton dispersion, it ompletely preserves the
pulse shape and the oherene properties of the inident wavepaket, both
at lassial and at quantum level.
5.2.2 Experimental issues
To verify the atual feasibility of suh a promising experiment, it is im-
portant to mention the main pratial diÆulties that may arise in a real
experiment, and disuss how these an be overome.
1. We have veried that the transmittivity of the lattie interfaes is
lose to 1 for both the injetion and the extration proess [Fig.
5.8() and Fig. 5.8(d)℄. The pulse is injeted into the lattie at a
frequeny orresponding to the EIT reetivity dip around Raman
resonane. The extration takes plae in lose proximity of the Ra-
man resonane where reetivity is again very low. This, in spite of
the fat we are very lose to a gap: thanks to the now signiant
detuning Æ

, the metastable state is in fat weakly oupled to light,
and the orresponding rossing point is displaed slightly away from
the light line.
2. In order to have a reasonably long time to vary the magneti eld, we
have veried that the group veloity of the polariton states involved
in the lifter operation is slow. Light initially propagates on the EIT
slow light branh, whih is deformed during the lifter operation. At
the end, the wavepaket is found on the very at region below the
gap where the group veloity is low [Fig. 5.8(e) and Fig. 5.8(f)℄.
3. The wavepaket has to be shorter than the sample length, still its
frequeny spetrum has to t in the reetivity dip at both injetion
92 CHAPTER 5
0 1 2 3
−1
−0.5
0
0.5
1 x 10
−6
k/k
eg
(Ω
k 
−
 
ω
e
g)/
ω
e
g
(a)
0 1 2 3
5.5
6
6.5
7
7.5 x 10
−5
k/k
eg
(Ω
k 
−
 
ω
e
g)/
ω
e
g
0.98 1 1.02
7.287
7.288
7.289
x 10−5
(b)
0 0.2 0.4 0.6 0.8 1
−1
−0.5
0
0.5
1 x 10
−6
R
(Ω
k 
−
 
ω
e
g)/
ω
e
g
()
0 0.2 0.4 0.6 0.8 1
5.5
6
6.5
7
7.5 x 10
−5
R
(Ω
k 
−
 
ω
e
g)/
ω
e
g
0 0.2 0.4 0.6 0.8
7.287
7.288
7.289
x 10−5
(d)
0 0.2 0.4 0.6 0.8 1
x 10−7
−1
−0.5
0
0.5
1 x 10
−6
vgr/c
(Ω
k 
−
 
ω
e
g)/
ω
e
g
(e)
0 0.2 0.4 0.6 0.8 1
x 10−3
5.5
6
6.5
7
7.5 x 10
−5
vgr/c
(Ω
k 
−
 
ω
e
g)/
ω
e
g
0 0.5 1
x 10−7
7.287
7.288
7.289 x 10
−5
(f)
Figure 5.8: Polariton properties in a 1D homogeneous gas of three-level atoms.
Dispersion (a,d), reetivity (b,e), group veloity (,f) in the region around
resonane. Red, solid line is LP; blue, dot-dashed line is DP; blak, dotted
line is UP; blak, dashed line is photon dispersion in vauum. Parameters for a
homogeneous old Rb gas with density n = 10
14
m
 3
, osillator strength
p
f 
4 10
 4
and dressing amplitude 


=!
eg
= 10
 7
. Panels (a,b,): !  ~!
m
= !
eg
,
Æ

= 0 (initial state of the photon lifter). Panels (d,e,f): Æ

=!
eg
= 1:2  10
 5
(nal state of the lifter). In the dierent panels, the blue irles indiate the
position of the wavepaket to be \lifted".
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and extration. A sample of length L is able to aommodate pulses
with at most k & 1=(L). From Fig. 5.8(a), this orresponds to
a lower bound on the frequeny width of the inoming wavepaket
!
in
= k v
in
gr
> 2:5  10
 10
!
eg
. One an easily see in Fig. 5.8()
that this frequeny spread still ts within the injetion window where
reetivity is low. The same an be veried in Fig. 5.8(b) and Fig.
5.8(d) for the extration proess.
4. In order for the pulse shape not to be aeted, dispersion of the
group veloity should be small for the wavevetor window k under
examination. Initially, this is not a problem, as we are working lose
to the enter of the EIT branh where the group veloity has a weak
dispersion. The situation an be more ritial on extration, beause
of the strong squeezing of the polariton band in the region just below
the gap. The importane of this eet an be redued by hoosing
pulses initially tuned just above the Raman resonane.
5. The main problem in using a BEC is related to the oherene time
xed by the dephasing mehanism between the ground and the
metastable states. In old gases 
m
is typially of the order of tens
of KHz [30,90,104℄ in partiular due to atomi ollisions although it
is strongly system dependent. For arefully prepared system atomi
oherene up to 1ms were observed [31℄ and this is promising in view
of lifter appliations. A good andidate for longer oherene time is
the MI phase of ultraold atoms in optial lattie: in the rst realiza-
tion of EIT in a MI of Rb atoms [32℄ a oherene time of 240ms has
been reported. In this system, the inhomogeneous broadening of the
lineshape is suppressed beause of the ordered arrangement of atoms
and the many-body exitation spetrum is gapped. However the MI
is usually muh smaller (10   30m) than a BEC loud and this is
a ruial disadvantage for the lifting proess. The use of a thermal
gas reated in a Dark Magneto-Optial Trap (DMOT) [105℄ seems
to show EIT features similar in group veloity and system length to
a BEC, still it requires a simpler setup.
5.2.3 Perspetives
One major onstraint that still exists on the experimental parameters
onerns the speed at whih the magneti eld has to be atually varied.
As this has to be done while the wavepaket is inside the atomi loud,
a very slow group veloity and a long system are required. Using values
for state-of-the-art old atomi samples (either BEC or DMOT) namely
L = 200m, and v
gr
= 20m=s, one obtains that one disposes of a time of
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approximately 10s to perform the magneti eld variation. This means
that a variation of B = 1T requires a very large rate of 1 kG=s.
As this an pose serious diÆulties in an atual experiment, it is worth
briey exploring alternative strategies. An interesting possibility is to fur-
ther redue the dressing amplitude 


. As the polariton group velo-
ity is proportional to the square of the dressing amplitude, the value



= 10
 8
!
eg
similar to the one used in slow light experiment [30℄ al-
ready leads to a group veloity of the order of 20 m/s whih orresponds
to an available time of 1ms. In the high-eld regime onsidered here, a
photon frequeny shift of 1GHz then requires a magneti eld variation
of 500G in 1ms, a rate routinely used in old atom experiments.
This alulations indiates that the possibility to design suh an experi-
ment with onventional tehniques is realisti; in partiular, suh a demon-
stration an gain a lot from an inrease in the dimensions of atual MI
samples.
5.3 Photon Wavepaket Manipulation
The easy tunability of the properties of the dressing eld together with the
slow propagation of the DP allow for an eÆient dynami modulation of
the signal. A dynami EIT hain an then be the paradigm for a new lass
of inhomogeneous DPS: in this ase both a spae and time modulation
of the wavepaket an in fat be performed. The basi ingredient of the
dynami EIT hain is the defet geometry.
5.3.1 Dynami modulation on a vauum defet
The physis of a defet geometry an be understood in terms of the ho-
mogeneous system and interfae ases seen in the previous hapter. Two
regions of a homogeneous EIT medium are separated by a thin layer of
vauum. The thikness L
d
of the defet region is taken to be small as
ompared to the eetive length of the pulse in this layer 
x
.
The ase is shown in Fig. 5.9 and Fig. 5.10. The temporal shape of the
modulation of 


is shown in the inset: v

gr
are the maximum and minimum
values of the group veloity, determined by the maximum and minimum
values 



of the ontrol eld amplitude. 
s
is the interval between the two
ramps, i.e. the storage time. For a given pulse width 
x
in the EIT medium,
the pulse width in vauum is 
x
= 
x
(=v

gr
). As we have assumed 
x
 L
d
,
the slope of the pulse in the vauum is very small, so the pulse amplitude
an be onsidered as almost homogeneous. The modulation takes plae
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Figure 5.9: Modulation of a wavepaket using a vauum defet. In the EIT
medium, the group veloity is dereased from v
+
gr
= 0:11  to v
 
gr
= 0:02  and
then inreased bak to v
+
gr
as shown in the inset. Pulse at the beginning (dashed
line) and at the end of the proess (solid line). Inset: temporal dependene of



. Parameters of the system: exited state linewidth 
e
= 10
 3
!
0
, pulse length
k
0

x
= 1600, defet thikness k
0
L
d
= 6400.
in three stages: the slow down ramp, the storage time and the speed up
ramp. When 


is dereased, the pulse intensity in the atomi medium
is orrespondingly redued by a fator v
 
gr
=v
+
gr
while the amplitude of the
entral part remains unhanged as it is sitting in vauum [Fig. 5.10(a)℄.
Later on during the storage time, when this part of the pulse enters the
EIT medium again, it results spatially ompressed to a narrower width
L
d
(v
 
gr
=) [Fig. 5.10(b)℄. The part of the pulse that rosses the defet during
the storage time does not experiene any modulation: in Fig. 5.10(b), this
part lies just behind the narrow peak and is (
s
v
 
gr
  L
d
(v
 
gr
=)) long.
The nal ramp whih restores the group veloity to its initial value v
+
gr
is responsible for an inrease of the eletri eld amplitude in the EIT
medium. Correspondingly to the vauum layer, a hole is imprinted in the
pulse prole [Fig. 5.10()℄. One entered bak into the EIT medium, its
width beomes L
d
(v
+
gr
=). This modulation in a vauum defet geometry is
then a simple example of the wavepaket reshaping. Note that the resulting
dynamis is very dierent from the homogeneous ase where the seond
ramp would simply ompensate the rst one.
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Figure 5.10: Modulation of a wavepaket using a vauum defet. Three snap-
shots during the propagation time. (a) Slow down ramp; (b) propagation
through the defet during the storage time: formation of the peak; () speed up
ramp: setting the hole. Parameters in Fig. 5.9.
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5.3.2 Comparison between Maxwell-Bloh and the
eetive equation
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Figure 5.11: Comparison between the solutions of the wavepaket propagation
using dierent methods: MB formalism (solid, blue line); ontinuity equation
for the polariton ow (dotted, blak line); eetive equation with absorption
term (dashed, red line). Parameters as in Fig. 5.9.
We ompare the MB result with the solution of the eetive equation. The
ontinuity equation model (4.35) an be applied to the defet geometry of
Fig. 5.9, by dening
v
gr
(x; t) = v(t) (( x) + (x  L
d
)) + (x)(L
d
  x); (5.29)
where the beginning of the defet is loated at x
d
= 0. For times longer
than t = (L
d
=), the solution for the eletri eld intensity is
I(x; t) =
8
>
>
>
>
>
>
>
>
>
>
>
<
>
>
>
>
>
>
>
>
>
>
>
>
:
I
0
 
x  I
t
0

v(t)
v(0)
x < 0
I
0

 I
t x=
0

v(t  x=)
v(0)
0 < x < L
d
I
0
 
 I
t
0
0

v(t
0
)
v(0)
v(t)
v(t
d
)
L
d
< x < L
d
+ I
t
L
d
=
I
0
(L
d
  t
d
)
v(t)
v(t
d
)
L
d
+ I
t
L
d
=
< x < L
d
+ I
t
0
I
0
 
x  I
t
0

v(t)
v(0)
x > L
d
+ I
t
0
(5.30)
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Here t
d
(x) and t
0
(x) are the instants of time at whih the point of the
wavepaket whih is loated at x at the time t has passed through x = L
d
and x = 0, respetively. They an be found by the onditions:
x = L
d
+ I
t
t
d
; (5.31a)
t
0
= t
d
  L
d
=: (5.31b)
where we have dened
I
b
a
=
Z
b
a
v(t
0
)dt
0
: (5.32)
This analyti solution gives the blak dash-dotted urve in Fig. 5.11. By
adding also the absorption term, the eetive model aptures all the fea-
tures with a good agreement. In partiular, it perfetly reprodues the
height of the peak that was instead overestimated by the simple onti-
nuity equation (4.35). This is a strong onrmation that the eet of a
small absorption on the propagation an be modeled by a diusive term:
it is very important in order to investigate to what extent it is possible to
tailor sharp strutures on the wavepaket.
5.3.3 Manipulation Shemes in Cold Gases
The EIT hain an be implemented experimentally by using louds of
ultraold atoms as the EIT media. Optial bers an be used to x the
optial distane between the EIT layers [90℄: beause of ompression enter-
ing the atomi regions, the distanes in vauum have to be not negligible
with respet to the length of the pulse 
x
; for a 1s-long wavepaket, the
spatial width in vauum is in fat 300 m.
By using data from [30, 31, 103℄, we estimate realisti value for the pa-
rameters desribing the system. As a typial example, we onsider a loud
of Sodium (Na) atoms of density n = 8  10
13
m
 3
. For the optial tran-
sition, we use the D
2
line. As the ground state, we an use the jgi =
j3S
1=2
; F = 1; m
F
=  1i sublevel; for the metastable state, we an use
jmi = j3S
1=2
; F = 2; m
F
=  2i, and for the exited state we an use
jei = j3P
3=2
; F = 2; m
F
=  2i. In this way, the resonane frequeny is
!
eg
= 2 508THZ, the eletri dipole moment is d
eg
= 1:5 10
 29
C m, the
linewidth is 
e
= 2 10MHz and the osillator strength is f = 6 10
 9
.
For a ontrol eld of Rabi frequeny 


= 2 17MHz, a group veloity
v
gr
= 10
 7
 is obtained and an absorption oeÆient D = 6 10
 7
!
eg
=k
2
eg
.
The parameters of the reent experiment [32℄ are not muh dierent. From
now on, physial units are used in the gures.
We have used the eetive equation (4.39) to simulate several simple ge-
ometries. We onentrate our attention on a pair of dierent ongura-
tions: the single and the double layer strutures.
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Figure 5.12: Propagation of a light pulse aross a single EIT layer: L =
200m, v
gr
= 10
 7
, D = 6 10
 7
(!
eg
=k
2
eg
). Gaussian pulse: 
t
= 10s,
`
abs
 500
x
= 15  10
4
m. All urves have been obtained using the model
of (4.39). Panel (a) Stati ase: delay between a pulse propagating in vauum
(dashed blue) and one rossing the EIT layer (solid red). Panels (b,,d) Dynami
ases. (b) Eet of a slow down ramp for the dressing eld: v =  0:5 v
gr
,
 = 3:5s; () Eet of a speed up ramp: v = +0:5 v
gr
,  = 3:5s; (d) Eet
of a double ramp [as e.g. in Fig. 5.9℄: v
+
gr
=v
 
gr
= 10,  = 3:5s and storage time

s
= 8s. The blue dashed lines in (b,,d) refer to the stati ase.
We rst onsider a single EIT layer whih has length L = 200m. We
injet a gaussian pulse with temporal width in vauum: 
t
= 
x
= = 10s.
Thanks to the small size of the sample with respet the pulse absorption is
negligible, as it an be seen from the expliit expression of the absorption
length (4.30).
The simplest quantity to measure is the time delay aumulated along
the propagation for dierent values of L: if the layer is haraterized by a
group veloity v
gr
, then the delay with respet the vauum (v
gr
= ) ase
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is
T =
L
v
gr
  v
gr

v
gr
=!0
      !
L
v
gr
: (5.33)
For a suÆiently slow group veloity, very small variations in the atomi
layer thikness an be deteted from the delay time. Simulated images
are shown in Fig. 5.12(a). Of ourse, this measurement requires a good
temporal resolution of the detetor as well as some knowledge of the system
parameters, in partiular of v
gr
.
The simplest example of dynamial modulation onsists of a single-ramp
modulation of 


. As disussed above, the eet of the modulation depends
on several parameters: a ruial quantity is the ratio R = L=
x
between
the layer thikness and the pulse length. Here, we fous our attention on
the R < 1 ase; the dressing eld is modulated when the peak of the probe
is near the enter of the layer. Only the small part of the pulse ontained
in the layer then feels the modulation. As the layer is thin, the rossing
time an be faster than the ramp time, whih means that dierent parts
of the pulse experiene dierent portions of the ramp. Assuming the ramp
time to be longer than the rossing time, the eet of the modulation on
eah given slie of the pulse an then be estimated as
jE
f
j
2
(T ) = jE
i
j
2
v
i
gr
+v
gr
(T )
v
i
gr
; (5.34)
where T is the time at whih the slie exits the layer and the initial values
refer to the entrane of the slie in the EIT medium. If we approximate
the ramp as linear, the variation in the eletri eld is then given by
(v=v
i
gr
)(T=), where v is the amplitude of the group veloity ramp.
The plots of Fig. 5.12(b) and Fig. 5.12() show the resulting pulse in the
ase of positive and negative values of v, respetively: one an see that
the modulation is most apparent in the v < 0 ase where the rossing
time is longer.
The last ase we treat is the double ramp, that is illustrated in Fig. 5.12(d):
the pulse is slowed down and then aelerated bak to the initial group
veloity. In the R < 1 ase under onsideration here, the part of the pulse
whih is modulated during the slow-down ramp exits from the layer before
the restoring ramp has begun. This latter ramp is then responsible for the
reation of the peak in the trailing part of the pulse. The resulting shape
is very similar to the ase shown in Fig. 5.9, yet time-reversed.
Double Layer
The EIT monolayer an be used as the building blok for more omplex ge-
ometries. As an example, the ase of wavepaket manipulation in a double
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Figure 5.13: Propagation of a light pulse aross a EIT double-layer struture:
L = 30m (eah layer), interlayer distane L = 3 10
7
m, v
gr
= 5 10
 7
,
D = 3 10
 6
!
eg
=k
2
eg
. Gaussian pulse: 
t
= 1s, `
abs
 400 
x
= 6  10
4
m. All
urves have been obtained using (4.39). (a) Slow down ramp in both layers:
v =  0:5 v
gr
,  = 50ns. (b) Speed up ramp in both layers: v = +0:5 v
gr
,
 = 50ns. In (a,b) blue dashed lines orrespond to the propagation without
modulation at the initial group veloities while the same for blak dotted lines
with the nal values of group veloity. () Single ramps with opposite signs in
the dierent layers: v = 0:5 v
gr
,  = 50ns (red dashed and blak solid urves
are symmetri under a sign exhange between the two layers). (d) Double ramp
with opposite signs in the dierent layers for dierent storage times 
s
= 0:1s
(red solid), 0:5s (green dashed), 1s (blak dotted).
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layer geometry is illustrated in Fig. 5.13. As in the previous disussions,
we restrit our attention to the short layer regime: in the spei ase on-
sidered here, the gaussian pulse has a duration 
t
= 1s, orresponding
to a 
x
= 150m muh longer than the single EIT layer L = 30m and a

x
= 300m muh longer than the vauum interlayer distane L = 30m.
The use of the same single ramp for the dressing eld on both layers
allows the reation of several similar strutures on the same pulse. These
strutures are separated by a delay depending on the distane between
the layers. This is shown in Fig. 5.13(a) and Fig. 5.13(b). By hoosing a
fast enough slow-down ramp, the peak that appears between the dierent
layers an be shaped down to the absorption length. This fat is extremely
interesting in view of reating strongly loalized polariton, whose dynamis
has been predited to show peuliar features [106℄. The result of a pair
of ramps with opposite signs in the dierent layers is illustrated in Fig.
5.13(). By exhanging the signs of the ramps, a speular modulation an
be obtained.
The last ase we present onsists of a double ramp with opposite signs
in the two layers. In this ase, an interesting enhanement of the entral
peak is visible as a onsequene of the double layer struture. This result is
easily understood by noting that the part of the pulse whih is modulated
in the rst layer by the rst ramp gets modulated in the same way when
rossing the seond layer during the seond ramp. In this way, it an reah
higher values as ompared to the single layer ase previously onsidered.
This mehanism starts being eetive as soon as the storage time is longer
than the interlayer delay time, 
s
> (L=). The eÆieny is maximum
when the storage time exatly equals the time required for the signal to
ross the whole double layer struture, 
s
= (L=)+2(L=v
gr
). For longer
storage times 
s
, the enhanement is no longer eetive. The resulting
pulse are shown in Fig. 5.13(d) for dierent values of the storage time 
s
.
In all the ases, the initial and nal part of the pulse are unaeted by
the modulation.
5.4 The EIT slab: light storage
The ase of a EIT layer in vauum is presently of great experimental
interest for light storage purposes [29, 72{75℄. The idea is very simple: by
swithing o the ontrol eld 


while the wavepaket is inside the EIT
medium, the DP is fully mapped into a metastable oherene 
mg
. As this
has a vanishing group veloity and long lifetime, it an remain stored in
the atoms for marosopially long times. When the ontrol eld 


is
swithed on again, the wavepaket is retrieved.
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Figure 5.14: Light Storage in an EIT layer. 


is modulated in time from 

+

=
0:07!
0
to 

 

= 0 with the same shape shown in the inset of Fig. 5.9. The storage
time is !
0

s
= 1350. The initial group veloity in the EIT layer is v
gr
= 0:11 .
The pulse has a gaussian shape with k
0

x
= 540 in vauum and the atomi layer
has a length k
0
L
d
= 10. Snapshots during the proess in the absene of losses

e
= 
m
= 0: (a) Initial pulse (blue dotted line), pulse splitted immediately
after the stopping ramp (solid blue line) and ounterpropagating wavepakets
during the storage time (dashed blak line). (b) Emerging wavepakets after the
retrieval ramp in the absene of absorption (solid blue line) and in the presene
of losses, 
e
= 0:07!
0
(dashed red line). The arrows indiate the diretion of
propagation of eah pulse.
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The main limitations to the eÆieny of a light storage proess originate
from spontaneous emission proesses from the exited state (a nite 
eg
omponent is always present for any pulse of nite duration), leakages due
to the nite optial depth of sample as the usually onsidered systems are
shorter than the eetive length of the pulse, and ground-state deoherene

m
> 0 [29,75℄. Even though this last eet sets the ultimate limit to the
performanes of light storage experiments, for the parameters onsidered
in the present work it is negligible as ompared to the other proesses.
A situation similar to the experimental realization in [32℄ is simulated
in Fig. 5.14: beause of numerial limitations in the solution of the MB
equations, we have been fored to onsider a EIT medium with a muh
bigger v
gr
=. Apart from this, all other parameters were resaled in a way
to get the orret physis of the system. During the storage time, 


is
made to vanish with the same temporal prole as shown in the inset in
Fig. 5.9.
As in the previous ase, the proess onsists of three stages. During the
stopping ramp [Fig. 5.14(a)℄, the signal is ut in three parts: the front part,
whih has already rossed the defet, is not aeted by the modulation.
The entral slie that is ontained in the EIT layer is stored as an atomi
polarization and its eletri eld vanishes. When the bak part of the pulse
hits the medium, this is no longer transparent and the pulse is reeted:
as the width of the reetivity dip is proportional to the group veloity
v
gr
, reetivity is in fat substantial in the light storage onguration
v
gr
= 0 [19, 29, 66℄.
When the retrieval ramp is applied, the exitations stored in the EIT layer
reover their eletri eld omponents and propagate out of the atomi
medium. The retrieval eÆieny (dened as the ratio of this pulse to the
initial pulse) is 15% for this simulation, whih qualitatively agrees with
the estimation in [32℄. The three emerging wavepakets are learly visible
in [Fig. 5.14(b)℄. For this system the main problems are the leakages due
to small thikness of the atomi sample whih is muh smaller than the
waists of the laser beams.
To onlude this setion, it is important to assess the role of dissipative ef-
fets in the light storage proess. The pulse proles in the presene of spon-
taneous emission from the exited state are shown as red dashed urves
in Fig. 5.14(b). The rst part of the pulse is not aeted by absorption
beause the length of the sample is small as ompared with the absorption
length. The retrieved pulse is only partially redued by spontaneous emis-
sion proesses. The reeted pulse is instead ompletely modied: when



is turned down, loalized exitations are reated near the interfae.
When 


= 0, the metastable state is in fat deoupled from light; matter
exitations in the at part of LP and UP bands are very sensitive to losses.
EIT-based Dynami Photoni Strutures with atoms 105
For these reason, the reeted wavepaket quikly disappears as soon as
losses are inluded.
Also in the absene of absorption, the reetion proess an strongly de-
pend on the struture of interfaes and provide reeted pulses with dra-
matially dierent shapes. This features an be of great interest when one
onsiders a Mott Insulator of 2-level atoms where absorption an be sup-
pressed as a onsequene of the ordered lattie struture [15℄. In this ase,
information on the interfae struture an be inferred from the reetion
properties.
CHAPTER 6
Conlusion and perspetives
In the present thesis, we have investigated the linear optial response of
ultraold atomi gases in dierent ongurations. Light-atom strong ou-
pling, slow light behavior and dynami strutures are the main keywords
of this work.
In Part I, we have addressed the use of light as a probe for the struture of
an atomi Mott Insulator (MI). We have onsidered stationary situations
where the alulations have been arried out by using Transfer Matrix
tehnique in a 1D geometry. The system is of great interest beause the
strong loalization of atoms at the lattie site positions indues a suppres-
sion of absorption proesses: this is promising in view of the observation
of strong light-atoms oupling. In partiular, we have found visible signa-
tures of the interplay between the light-matter mixing and the diration
due to the periodi arrangement of atoms in both the band diagram and
the reetivity spetra.
The high reetivity shown by the two-level atomi system prevents the
propagation of resonant light inside suh a sample. The oherent dressing
of three-level atoms whih results into Eletromagnetially Indued Trans-
pareny (EIT) reate a frequeny window for light propagation in the form
of the so alled Dark Polariton (DP). We have studied the sattering of
slow DP on defets as a non-destrutive probe of the mirosopi stru-
ture of the atomi MI. These features are robust with respet to absoprtion
within the EIT window.
Further results in this diretion are expeted from a full 3D treatment by
means of Sattering Matrix. In this ase tehnial problems related to the
desription of the optial response of atoms have to be addressed [15,18℄.
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The solution of the omplete sattering problem from a defet in a MI
represents a big issue from both a theoretial and experimental point of
view [69, 70℄. The development of the Sattering Matrix ode for atomi
systems is also of interest for the study of light sattering from several
randomly plaed atoms whih is at the basis of urrent investigations of
Coherent Baksattering from atomi samples [107℄.
Another possible development is related to the toy-model of an atomi two-
level impurity in a three-level system as the starting point for a omplete
investigation of non-linear interations at the single photon level.
In Part II, we have studied the propagation in time of a DP pulse in-
jeted into a generi inhomogeneous and dynami struture omposed of
vauum regions and EIT layers. We have built up a omplete 1D Maxwell-
Bloh (MB) formalism, adapted to the presene of sharp interfaes through
the appliation of a modied Slowly Varying Envelope Approximation
(mSVEA). By using this formalism we have simulated both stati and dy-
nami situations both in homogeneous geometries and at interfaes. Light
storage ongurations have been omputed as well.
We have shown a good agreement between the results of MB formalism
and the predition of Adiabati Transition theory for the inter-band ou-
pling due to a dynami modulation of the ontrol eld intensity. We have
found a sharp deviation from the expeted exponential deay of the asymp-
toti oupling for fast ramps. A more detailed study may be in order to
nd spei form of the perturbation whih suppress the oupling for fast
modulations and to extend to our ase the study of absorption [92℄.
Withtin the MB formalism, we have simulated realisti onguration where
the inhomogeneity of the struture joined with the dynami modulation
allow to tailor the shape of the propagating pulse. The patterns that are
imprinted in the eletri eld envelope are not destroyed by absoprtion.
These are examples of quantum proessing of DP. The possibility to reate
higly loalized strutures appears interesting in view of the observation of
peuliar regimes for the polariton propagation [106℄.
Furthermore, an extension of the MB formalism to 2D geometries is promis-
ing to study the trapping and guiding of DP within strutures with non-
absorbing interfaes where to realize quantum billiards and polaritoni
iruits.
Notation
The aronyms used through this thesis are summurized here.
 e.m. : eletro-magneti;
 OBE: Optial Bloh Equations;
 EIT: Eletromagnetially Indued Transpareny;
 MI: Mott Insulator;
 TM: Transfer Matrix;
 fBz: rst Brillouin zone;
 MB : Maxwell-Bloh;
 SVEA: Slowly Varying Envelope Approximation;
 mSVEA: modied Slowly Varying Envelope Approximation;
 FDTD: Finite Dierene Time Domain;
 DP : Dark Polariton;
 LP : Lower Polariton;
 UP : Upper Polariton;
Furthermore they are repeated the rst time they appear in eah hapter.
The physial onstants that are used in this work are [103℄
 Speed of Light:  = 3  10
8
m/s;
 Permeability of Vauum: 
0
= 4  10
 7
N=A
2
;
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 Dieletri onstant of Vauum: 
0
= 8:854  10
 12
F/m;
 Redued Plank's onstant: ~ = 1:055  10
 34
J s;
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